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We show that in branching Brownian motion (BBM) in Rd, d > 2, the
law of R, the maximum distance of a particle from the origin at time 7, con-
verges as t — oo to the law of a randomly shifted Gumbel random variable.
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1. Introduction. Let {X t(v) }i>0,ven; denote d-dimensional branching Brownian motion
(BBM), where d > 1; here, N; denotes the particles existing at time ¢ (a formal definition
of the BBM model appears in Section 1.1 below). For v € AV, let R,(v) =X t(”) | denote the
¢2-modulus of the location of the particle v at time ¢, and set RY :=sup,cy; R,(U). Further,
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F1G. 1. Simulation of 2-dimensional BBM (left) and its modulus as a function of time (right) for BBM until the
moment the population is 10,000 particles. Color denotes the modulus.

define
(1.1) d—-1)/2 (d) := /2t +cqlogt, where ¢ i

. &g :=a — ) m = , W =
(When the dimension d is clear from the context, we omit it from the notation, writing see,
e.g., m; for m;(d), etc.)

When d = 1, Bramson [5] proved the convergence in distribution of max,cx; X t(v) —m;(1),
and the limit was identified by Lalley and Selke [10] to be the limit of a certain derivative
martingale. It is not hard to deduce from their results and methods (see, e.g., [15], Thm. 1.1)
that, whend =1,

(1.2) lim P(R] —m;(1) <y) =E[exp(—yZ)],

—>00

where Z is an appropriate random variable (determined in terms of the limit of two a-priori
dependent derivative martingales.)

We are interested in the case d > 2, where far less is known. See Figure 1 for a simulation
of BBM for d = 2. Mallein [12] proved that for d > 2, the collection {R} — m;(d)};~0 is
tight, and that there exists some C > 0 such that for any # > 1 and y € [1, 1/ 2],

—/2y
(1.3) WT <P(R} > m;(d) +y) < Cye V.

Mallein’s result contrasts with the classical Gértner propagation estimate for multidimen-
sional KPP [8], which gives a smaller constant in front of the logarithmic correction term in
m;.

Our goal in this paper is to complement (1.3) and prove an analogue of (1.2) for d > 2,
thereby establishing convergence in distribution of R} —m;. Our main result reads as follows.

THEOREM 1. Fixd > 2. Let R} denote the maximum modulus of the location at time t of
particles in a binary BBM in R . Let m, be as in (1.1). Then there exists a nondegenerate pos-
itive random variable Z~, and a constant y* > 0 so that R} — m; converges in distribution,
as t — 00, to a Gumbel law shifted by —10g(y* Zoo /~/2), namely
(1.4) lim P(R —m; < y) = E[exp(—y* Zoge ™ V?)].

— 0

Theorem 1 resolves some of the open questions in [15], page 5.
We now make some amplifying remarks on Theorem 1.
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REMARK 1.1. The structure of Z, is reminiscent of the construction of the limit of the
derivative martingale in the theory of one dimensional branching Brownian motion. Namely,

for L > 0,let F1 =o{X"",t <L,v e N}, set
Iy = [V2L — L3, V2L - LV°),

(1.5)
NP = (v e Nt RY e IH2),.

Introduce then

(1.6) Zp = Z (Rgv))_ad(\/il, R(v)) —(W2L— R(v) ﬁ
UG./\[Z’in

The proof of Theorem 1 will show that Z; (which is not a martingale) converges in
distribution to a limiting random variable denoted Z.,, and that conditionally on Fp,
R —m; — 2-1/21og(y*Z1) converges in distribution, as first t — oo and then L — 0o, to a
Gumbel random variable. We emphasize that we do not prove the convergence in probability
of Z; t0 Z .

It is worthwhile to note that the restriction to v € J\Q” i1 in the definition of Z is an artifact
of our proof. In fact, we show that particles v € N with Rév) ¢ IzVin are unlikely to produce
a descendent at time ¢ that has modulus larger than m, + y, if L is large enough (depending
on y but not on 7T'). Further, our calculations actually imply that the exponents 1/6 and 2/3 in
(1.5) need only be smaller than 1/4 and larger than 1/2 respectively, though we expect that
one should be able to take any exponents smaller and larger than 1/2, respectively.

We also note that in the definition (1.6), one obviously can replace the factor (R(Lv))_"‘d by

(v2L) ™%,

REMARK 1.2. In a recent very interesting preprint, Stasifiski, Berestycki, and Mallein
[15] discuss the functional derivative martingale

~ (v)
Z,60)=Y (V2r — X" .0)e VX0 g e gdl
veN;

where X; @) 9 denotes the projection of X; @) in the direction 6. They show (see their The-
orem 1.3) that for almost every 6, Z; 0) —> Zoo (6) > 0 almost surely, and that (Z,, f) con-
verges almost surely, for bounded measurable f on S9!, to (Zoo, f), where (f, g) is the
standard inner product with respect to surface measure on S¢~!. They conjecture then (as
a consequence of their more general Conjecture 1.4) that R} — m; —logy™* — log(zoo, 1)

converges in distribution to a Gumbel law. This conjecture is equivalent to stating that

Zo 4 (ZOO, 1). Of course, for 7 large, (Z, 1) is formally dominated by a neighborhood of

those 6 which are local maxima of Z,( ) so that Z; (6) has near maximal value. In fact, a
formal Laplace asymptotic (expanding Z; quadratically in a neighborhood of 6*) yields that
(Zt, n~cC Z, (6%)/t~*, where 6* is the global maximizer. In particular, Theorem 1 seems
compatible with the conjecture of [15]. We note that the latter was recently proved in [4],

building on the results of this paper and on [15]. We refer to [4] for further details.

REMARK 1.3. Theorem 1 can be understood as a statement on branching Bessel pro-
cesses, and in fact our proof proceeds through that prism. As such, it makes sense to ask
for the analogue for arbitrary positive real d. An inspection of our proof reveals that in the
context of branching Bessel processes, it continues to hold for d > 2, even if d is not an inte-
ger. The situation for d € (0, 2) is slightly different, because one has to properly define what
happens to the Bessel process after it hits 0, and the result may depend on that definition:
different definitions would result in different laws of Z.
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1.1. Model definition. The BBM model (with binary branching and branching rate 1) is
defined as follows. Start from a particle at the origin of R?. The particle performs a standard
Brownian motion, and after an exponentially distributed time t (independent of the motion
of the particle), gives birth to two particles, and dies (we refer to this event as branching). The
process now repeats itself: all particles alive at time ¢ perform independent Brownian motion,
with their own (independent) exponential clocks determining their branching. The notions of
ancestors and descendants of a particle are defined in a self-evident way.

Let NV; denote the collection of particles at time ¢. For a particle v € N; we let X t(v) eR?
denote its location, and let R,(”) =X ,(v)|| denote its (Euclidean) norm. For v € V;, we let
X §v), s € [0, t], denote the continuous function obtained by concatenating the trajectories of
all ancestors of v. Note that X is a Brownian motion in R?. We define similarly ngv).

1.2. Structure of the proof. Previous approaches to the analysis of multi-dimensional
BBM involved looking at projections on given directions. Specifically, Mallein [12] considers
a discretization of angles (with mesh size increasing in ¢) en route to the proof of tightness; it
seems hard to improve directly this approach for studying the convergence in distribution of
the centered maximal modulus. Similarly, Stasinski, Berestycki and Mallein [15] consider, for
fixed ¢, the whole projection process as a function of the angle, and then prove convergence
as t — oo, but at a topology that is not strong enough for deducing results on the maximal
modulus R;.

The crucial observation in the approach discussed in this paper is that, since X s(v), 0<

s <t, is a Brownian motion for any v € A}, the process R§v) is a d-dimensional Bessel
process, and hence Markovian. In particular, one can run through the proof of convergence
of the maximum of branching random walks (see, e.g., [1]) in the version discussed in [6].
This involves a modified second moment method, coupled with appropriate conditions on

{Rg’)}ve A, for large L that goes to infinity only after # does. That approach needs to be
adapted to accommodate the fact that one is dealing with Bessel processes, and therefore
increments are not independent; to handle that, one rewrites probabilities in terms of (one-
dimensional) Brownian motion, taking into account a Girsanov factor (see (2.7)). To control
the latter, we need to use slightly different barriers than those used in [6], and this requires
developing appropriate barrier estimates.

In more detail: fix L large enough (possibly dependent on y, which throughout this sketch
is considered a fixed parameter). In the first step of the proof, see Theorem 3.1, we show that

the only particles in N7, that will produce a descendant v € N; with R,(v) > m; +y are those in
IZ”in; the proof uses the Bessel density, together with a-priori barrier estimates for the Bessel
process, which are developed in Section 4. As a result of Theorem 3.1 and the Markov prop-
erty, it will suffice to consider particles that start (at time 0) in IZVin. This reduction allows us
to control the rational factor in the Girsanov transform from Bessel to one-dimensional Brow-
nian motion (i.e., W, % in (2.7)), which may now be uniformly approximated by +/2L~%.
We note that the one dimensional case has no need for this technical step, for several reasons.
First, there is no Girsanov factor to consider, and the (spatial) shift invariance of Brownian
motion makes the ensuing barrier estimates in the following steps simpler to perform without
the need to localize the starting point. Further, in dimension d = 1, a simple union bound

shows that with high probability, for L large and for all v € N we have R;U) <« /2L, and
therefore all particles stay below the linear barrier at time L.

The most important step of the proof is Theorem 3.2, which gives the precise tail asymp-
totics for the maximum of branching Bessel processes started at time L within IZVin, uni-
formly over I;”*". The proof of the latter, which is given in Section 5 with key estimates

proved in subsequent sections, is based on a modified second moment approach. We employ
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me+y

0 L t—t t

FI1G. 2. Particles that contribute to the maximizing event: at time L are at height in Il‘f’in, stay in the shaded

(orange) region up to time t — £, at time t — £ are located in another “window”, and then produce a descendant
that reaches m; + y at time t.

first moment estimates (the many-to-one lemma, Lemma 2.1) together with a Girsanov trans-
formation to show (within the proof of Proposition 5.3) that particles R§") ,se[L,t—{]
(where € € [1, L'/%] is going to infinity with L, see (5.2)) that do not stay within a domain
determined by a lower barrier and the linear line m;s /¢ are unlikely to contribute to the event
R} > m; + y; see Figure 2 for an illustration. Proposition 5.3 further shows (by a second mo-
ment computation) that for a given particle in I,‘j’in, the expected number of its descendants
at time ¢ — ¢ that stay within the barriered domain up to that time and produce a descendant
w € N; with Rt(w) > m; + y, henceforth referred to as “good particles,” is a good proxy for
the probability of creating a descendant there (this is carried out in Lemma 5.2, employing
a many-to-two lemma, see Lemma 2.2, and a truncation at level + — £ whose purpose is to
ensure decorrelation. The details are given in Section 7.). Once these barriers are in place,
the Girsanov factor can be controlled; and for a fixed v € AQ”in with REU) given, a precise
estimate on the expected number of good particles that descend from v, can be obtained. This
is the content of Proposition 5.4, whose proof is based in turn on the barrier computations of
Lemma 5.1; the proof of the latter for d > 3 takes up Section 6. Here, d > 2 is useful because
a certain term in the Girsanov exponent has a definitive sign and can be omitted from the
computation. The case of d = 2 requires a small modification, in order to control in the Gir-
sanov transformation for the first moment an exponential term which is now positive instead
of negative. This requires an a-priori step where an extra barrier is introduced, which gives
an a-priori control of that term. Once this is carried out, the rest of the proof is as for d > 2.
The details are spelled out in Section 8.

Once Theorem 3.2 holds, the proof of Theorem 1, obtained by conditioning on F; =
O(X(v), v € N1), is standard, and carried out in Section 3.

In Section 2 below, we provide some a-priori material, including a description of the classi-
cal modified second moment method in dimension 1, the many-to-few lemmas, the Girsanov
transform, and barrier estimates for Brownian motion that will be used extensively in the rest
of the paper.

2. Preliminaries. We collect in this section preliminary material concerning the modi-
fied second moment method for standard (one-dimensional) BBM, the many-to-few lemmas,
the Bessel process, and barrier estimates for Brownian motion. Section 2.1 recalls the one
dimensional version of the modified second moment method; it informs the exposition in
Section 5, where our version of the modified second moment method is described in full de-
tail. The results of Sections 2.2-2.4 will be key technical tools used repeatedly throughout
the rest of the article.
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2.1. The classical one-dimensional modified second moment method. The second mo-
ment method has played an oversized role in the study of the maximum of BBM since its
introduction in [7]. In the present article, we mostly follow the version described in [6] (done
in the context of one-dimensional branching random walks). As an Introduction to our proof,
we briefly summarize their method in the language of one-dimensional BBM, which we de-
note by {Ws(v)}szo,ve/\/s, setting W := maxyen, w

By a standard reduction (see, e.g., [6], Section 4), the proof of convergence in distribution
of W —m; (1) follows from the following key step: there exists some constant £* > 0 such
that

@D tim limint DT 2D ED g gy g PV mD 40

X—00 t—>00 xe—xV2 ¥ 1500 xe=xV2

£*.

The analogue of (2.1) in our case is Theorem 3.2. We now explain how (2.1) is classically
shown. For any r, s > 0 and some v € N, let /\/r” denote the particles in N, that are de-
scendants of v. Fix a parameter £ := £(x) such that

1<f(x)<x and lim £(x) = oo.
X—>00

The exact choice of £ does not matter as long as the above conditions are satisfied. For each
v € N;_y, define the F;-measurable event
1
Ay (x) = HWS(”) < m’T()s +x,Vs €[0,1 — E]}
(2.2)
W)
N { max W, 1 .
{v’e/\/; o >my(1) +x”

The central idea of [6] is that the random variable &; ¢(x) = > ,en;_, 14,,(x) satisfies two
important properties: first,

(2.3)  lim liminfE[E; ¢ (0)]/E[Ere(0)*] = xlggohtrging[Et,e(x)]/E[Ef,m)z] =1,

from which the Paley—Zygmund inequality (and some additional technical estimates) yields

lim liminfP(W} > m;(1) + x)/E[E;.¢(x)]

X—>00 [—00

:x]i)rgolitn_l)gpIP(Wt* >mi(1) +x)/E[E; ¢(x)] = 1;
and second, the first moment E[E; ((x)] is amenable to precise computations due to the
many-to-one lemma (Lemma 2.1), the Brownian ballot theorem (Lemma 2.3), and known
estimates on W;. The key condition that dictates the choice of A, ;(x) is (2.3), which will
be satisfied if the A, ; are sufficiently decorrelated. This is the role of £: “cutting” the tree at
a time that is order 1 from the ending time ¢ provides crucial decorrelation. Indeed, note that
the events

1 /
T () = |v12%<v W s m ) +y), veN
14

are all independent conditional on F;_,. The linear barrier up to time ¢ — £ in (2.2) provides
further decorrelation by disregarding particles that at any time rise above m’T(l) () +x.
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2.2. Many-to-few lemmas. We describe in this section the many-to-few lemmas, based
on [9]; we do not describe the historical source of the term and the important role that these
lemmas played in the study of branching random walks and Brownian motion. The interested
reader is referred to [9] and [11] for background. For our purposes, we are interested in a
binary branching process {X‘E”) }s>0,ven;, With branching rate 1, where the X F”) are diffusion
processes. The following two lemmas appear (in a more general form') in [9].

LEMMA 2.1 (Many-to-one lemma). For any T > 0, x € R, and a measurable function
f:C[0,T] — R, we have

4 Ba| 3 £(00) )| = B0 )

Lemma 2.1 will be used repeatedly, oftentimes in the following situation: suppose we wish
to bound from above P, (v € Nt : (Xﬁv))sz € A), for some event A € Fr. A union bound
gives the upper bound Ex [}, 1 (X, e 4J» which by an application of the many-to-one
lemma reduces to the study of the path of a single particle, which is a Bessel process. The
many-to-two lemma below will only be used at the start of Section 7 for a second moment

computation.

LEMMA 2.2 (Many-to-two lemma). Fix any T >0, and let f and g be measurable real
functions on C[0, T). Distinguish two particles v, v’ € N, and let T denote the time at which
v and v' branched from each other. Then for any x € R,

B XS, )el(X) )|

vi,v2€NT

2.5) = B[ £ (X)) e (X)s<1)]

2 [ TR, ) (X)) e =T — oo

As an example, taking f and g to be identically 1, the many-to-one lemma tells us that
E[N7] = e’ and the many-to-two lemma gives E[N %] =22 — T,

2.3. Bessel processes. We will frequently use R; to denote the process given by the norm
of standard d-dimensional Brownian motion at time 7. It is well known that R is a Bessel
process of dimension d; therefore, when Ry > 0, it satisfies the following SDE (see [14],
Chapter XI, for a treatment of Bessel processes):

(2.6) dR, = OI;—d dr + dw,,
t

'Lemmas 2.1 and 2.2 come from page 230 of Section 4.1 and page 231 of Section 4.2 of [9], resp., as follows.
We always take their ¢ (v, t) to be 1, whence their measure P§ is identical to their QI;, and we denote its expecta-
tion by Ey. Their a, () is 2" — 1 in our situation, since the nth moment of the offspring distribution (their m, (y))
is equal to 2" for us and the branching rate (their R(y)) is 1. Fixing a time 7 > 0, we have taken their random
variable Y, defined to be measurable w.r.t. the entire process up to time 7', to be a product of measurable functions
of paths of single particles in both lemmas. Lastly, in Lemma 2.2, we have denoted their 7'(1,2) by .
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where we recall that oy = (d — 1)/2 (as defined in (1.1)) and that W; denotes a standard
Brownian motion.? In particular, the Girsanov transform gives us

W\ % ag —a 11
2.7 dPR|x = (—) ex ( d / —du>]1 dPY |z,
2.7) |7 Wo L T (Wa>0,uel0,y APy |7
where PXR and PXW are the laws of a d-dimensional Bessel process and a one-dimensional
Wiener process respectively, each started from x > 0. Henceforth, W, will always denote a
one-dimensional Wiener process.

2.4. Hitting probabilities of Brownian motion. In this subsection, we record several im-
portant results pertaining to hitting probabilities of Brownian motion. We begin by defining
some notation that will be used throughout the article.

For functions f, g : [0,00) — R, a set I C [0, c0), and a real-valued process X. we call
events of the following form barrier events:

28) Bj(X):={X,<fw.Yuel} and BI(X):={X,> fu).Yuell.

In each instance, we will take 7 to be a union of intervals and X. to be one of W., R., W® or
Rf”). An important barrier function will be the linear function ff (s;T):[0,T] — R whose
graph is the line segment connecting (0, a) to (T, b); that is,

(2.9) £o(s:T) ::a+(b—a)% O<s<T).

When clear, we will write P, (-) to denote the law of a process started from x at time 0.
Further, for fixed 7 > 0 and x, y € R, we will write IP’)yC,T(-) to denote the law of a process
started from x at time O and ending at y at time 7". Our first result of this subsection is the
classical ballot theorem for the Brownian bridge.

LEMMA 2.3 (Brownian ballot theorem). Leta > x andb>y. Forany T > 0,
2(a —x)(b— y))'
T

Consequently, the following holds uniformly over (a — x)(b — y) < g(T), for any g(T) =
o(1):

__ b -;T
(2.10) P (Bl )(W.)):l—exP<_

@.11) P (BT ~ ez b=y x)T(b 28

Lemma 2.3 computes the hitting probability of a Brownian bridge w.r.t. a straight line.
Lemma 2.6, Lemma 2.7, and Proposition 6.1 of [5] estimate hitting probabilities for a much
more general family of barriers. These results are stated in [5] for a Brownian bridge start-
ing and ending at O on the interval [0, T']. The latter may easily be generalized to general
Brownian bridges using the process-level equivalence

(2.12) P)yc,T((Wv)se[O,T] € ) = PS,T((WS + £ (s T))se[O,T] € )

In Lemmas 2.4-2.6, we record these generalized results and demonstrate how they follow
from [5] by proving Lemma 2.4; Lemmas 2.5 and 2.6 are proved in the same way. Figures 3
and 4 complement these results.

2For general d € R, the SDE (2.6) is only satisfied up to time 7 :=inf{r > 0: R; = 0}. However, since we take
d > 2 an integer and Ry > 0, T = oo almost surely.
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FI1G. 3. The event from Lemma 2.5: for T > 2r, the probability that Brownian motion is above f(s) (orange) on
[r, T —r], given that it is below fxy (s; T) (blue) on [r, T —r], goesto 1 as r — oo.

LEMMA 2.4 (From [5], Lemma 2.6). Fix x,y € R and T > 0. Consider the (possibly
infinite-valued) functions L(s), U1(s), and Uy (s) satisfying L(s) < U1(s) < Ua(s) for s €
[0, T] and IP’)yC(Wé <Ui(s)) > 0. Then we have

(2.13) wr(B [OT](W)|B[0T](W))>P,);, (Bo.r1(W)IByg. 11 (W.)),
(2.14) P)yc,T(_ 0, T](W)| 0.7 (W)) = P;yc,T(E[O,T](W-NEZ[{)Z,T](WJ)-

PROOF. [5], Equation 2.17, and the reflection principle give
(2.15) P61 (Bfo, 11 (W1 Bio. 7y (W) = P 1 (Bfo, 1 (W) Bpg 7y (W.)-
Adding £ (-; T) to both sides, we may rewrite our barrier events as
£+ 2T .
B[OT](W)— OTf] W+ f2 (1)),
and similarly for EZ[{)I,T](W.) and [OZ,T](W.). It then follows from (2.12) that

216)  BY 1 (BE 1y (WIBE 1 (W) =B 1 (BEE D (w) Bt 1 (w)),

and

J(; (5T
@17) B 7 (Bf 1y (WoIBL 1y (W) = B, (BE T owolBig T 1 w).

70 T—rg T

FIG. 4. The event from Lemma 2.6: a Brownian bridge on [0, T] from x < a to y < b (purple). The curve Lt
(blue) satisfies (2.20). The probability of staying below the blue curve on [r, T — r] is asymptotically equivalent
to the probability of staying below the orange curve on [r, T —r].
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Renaming L:=L+ fi (¢ T), Uy :=U + LT, andUs :=Ur + fi(-; T), we find that

(2.18) Y1 (Bf, T](W)IB[O (W) =P 1(Bfg ](W)IB[O r(W)).

This gives (2.13). Equation (2.14) follows in the same way. [J

LEMMA 2.5 (From [5], Lemma 2.7). Fix C >0,€ > 1/2,and x, y € R. Define
£(s) :=£(s;x,y,T) = f(s5; T) — C(s AT —5))".
Then, uniformly over T > 2r, we have

(2.19) P (B W)BEST W) > 1 asr — o,

Furthermore, the left-hand side of (2.19) is constant in x and y.
In the following result, we will consider a fixed family of (not necessarily finite-valued)

functions {ﬁr}_T>0, each defined at least on [0, T']. Mimicking the notation of [5], Section 6,
we will write L£7(s) := L7(s) + C(s A (T — s))® for fixed constants C > 0 and 8 € (0, 1/2).

LEMMA 2.6 (From [5], Lemma 6.1). Fix constants a,b e R, C >0, 5 € (0, 1/2), and fix
a family of (not necessarily finite-valued) functions {Lr} as in the previous paragraph such
that there exists a fixed ro > 0 for which

(2.20) Lr(s)= fo(s:T) forallselro, T —rol,
holds for all T > 2rg. Then, uniformly over L1, x <a,y <b,and T > 2r, we have

T(B[rT r](W))
T(B[rT r](W))

2.21)

— 1, asr— oo.

Two consequences of Lemmas 2.4-2.6 are [3], Lemma 2.1, reproduced next as Lemma 2.7,
and Lemma 2.8, which is a slight modification of Lemma 2.7. These results may be thought
of as extensions of the ballot theorem (Lemma 2.3) to more general barriers. See Figure 5 for
a visual description of the events in question in Lemma 2.7

LEMMA 2.7 ([3], Lemma 2.1). Fixanye € (0,1/2),n > 1, and C > 0. Then the follow-
ing holds uniformly in x <a,y <b, (a—x)(b—y) <nT,and T large enough:

(s;T)— C(.m(T—s))%‘f

7 c y
BY (B S T)COrT=0 () B (W)
1
—fL (s T)+HCA(T—s5))2 ¢
2.22) X]Py rBiir iy (W)
= A+a—x)1+b—y)
= T .

Lemma 2.7 gives a ballot theorem-type result for the truncated time interval [1, T — 1]. To
derive a result for the entire time interval [0, T], we of course must assume that ¢ — x and
b — y are bounded away from 0, and that the lower barrier is bounded away from x and y at
time 0. These necessary assumptions are sufficient to obtain a ballot-type result on [0, T']:
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1 T-1 T

F1G. 5. Lemma 2.7: the probability that a Brownian bridge on [0, T] from x to y (purple) stays below the blue
curve on [1, T — 1] is asymptotically equivalent (in the sense of <)) to the probability of staying in the orange
region on [1, T — 1]. In Lemma 2.8, we show that if a — x and b — y are bounded away from 0, the interval can
be extended to [0, T].

LEMMA 2.8. Fixanye € (0,1/2),n>1,C >0, 81 >0, §2 > 0, and 63 > 0. Then the
following holds uniformly in x +61 <a, y+ 8 <b, (a—x)(b—y) <nT, and T large
enough:

Y (5;T)—=83—C(sA(T— b+ (s T)—C(sn(T— 3
(2.23) ( ' )
P T)+CAT—5) 2 _(a—x)(b—y
<P (BlY (w)) = LR

PROOF OF LEMMA 2.8. Forany S C [0, T'], define the events

(:T)—C(sA(T— v))2 -

A(S) _fo (5:T)=83—C(sAN(T— 5))2 (W)mea (W),

_ _ by e
AS) = Bf;“ (5;T)+C(sA(T—s))2 W
It is trivial that ]P’)yC’T(A([O, T)) < IP’)yC’T(A([O, T1)). For the other direction, we see from
Lemma 2.7 that there exists a constant ¢; > 0 such that

(2.24) Py 7 (A(L1L T = 11)) = 1P} (A([1. T — 11)) = 1P} 7 (A([0, T1)).

for all x, a, y, b, and T satisfying the given conditions. Since fxy O;7T)—61<x<a-—6
and y < b — 83, there exists a constant ¢» > 0 (depending on &1, 8>, and §3)

P) - (A(10, 11U[T — 1, TYIA((L, T — 11)) = e2,
forall x, a, y, b, and T satisfying the given conditions. Combining this with (2.24) yields

PY 7 (A(I0, T1)) = cieaP} 7 (A([0, T1)).

This proves the first < statement in (2.23). The second statement then follows from (2.10)

and the inequality P ;- (A([0, T1)) < P T(ng oWy <P (A0, 7). O

3. Proof of the main theorem, Theorem 1. Our goal is to understand P(R; < m; +
y) as t — oo. Towards this end, we will argue that particles exceeding m; + y at time ¢
will typically follow a prescribed trajectory. In particular—a fact which will significantly
simplify our analysis—it will suffice to reduce to particles that at a sufficiently large, fixed
(independently of 7) time L lie in a certain window of order roughly V'L below +/2L. Namely,
recall /} win and Ny in from (1.5). Theorem 3.1 below states that the effect of particles v €
N \./\/‘W in (out31de the window) is negligible to P(R* > m, + ).
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THEOREM 3.1. Forall y € R, we have

(3.1) hm limsupP(Jv e N, : R(v) ¢ Iyim, RY > m, + y) =0.

L—>oo t—o00

In particular,

(32)  lim limsup|P(R" > m, +y) —P(Iv e N; : R € I}, R > m, + y)| = 0.

L—o0 >0

The proof of Theorem 3.1 is outlined at the beginning of Section 4, and given in Sec-
tion 4.2. As mentioned before, our calculations there actually imply that the exponents 1/6
and 2/3 in the definition of ILWin (1.5) need only be smaller than 1/4 and larger than 1/2
respectively, though it should be true for any exponents smaller and larger than 1/2, respec-
tively.

In light of Theorem 3.1 and the Markov property, our main effort in the analysis will be
devoted to studying Bessel particles v € NV;_, satisfying R(v) € IZVin in addition to Rt(E)L >

m; + y. We can immediately see the advantage of the window here: the factor W, *d in the
Girsanov transform (2.7) (which will be employed repeatedly) is bounded uniformly away
from 0 over such particles. Thus, we fix any

(3.3) ze[LY®, L2

(so that 2L —z € IZ”in) and consider the probability that a branching Bessel process started

(at time 0) from +/2L — z has maximum at time 7 — L exceeding the target m; + y. Theo-
rem 3.2 gives a precise asymptotic for the probability of this event, uniformly over z.

THEOREM 3.2. Define the quantity

(3.4) My . o= (V2L — ) % ge~ GV,
There exists an absolute constant y* > 0 such that for all y € R,

P R* . >m; +
(3.5) Jlim limsup sup ViR >mi+)

—1|=0.
L=00 1—00 ;[L1/6,12/3] Y*Me

In Section 5, we will describe in detail the modified second moment method that drives
the proof of Theorem 3.2 and forms the technical heart of the paper. In Section 3.2, we will
show how Theorem 1 follows from Theorems 3.1 and 3.2. First, we establish some notation
that will be used throughout the remainder of this paper.

3.1. Asymptotic notation. Throughout the paper, we will compare the asymptotic behav-
ior of two positive functions with dependence on ¢, L, and z, where z is defined as in (3.3),
and we always send L — oo after t — oo. It will be convenient to establish notation for
asymptotic comparisons of such functions. For functions f := f(¢,L,z) and g :=g(¢, L, 2),
we write f ~(y) g to denote the relation

lim liminf inf f = lim limsup sup —=1.
L—o00 1—>00 ,¢[L1/612/3] g L—>oo t—00 e[L1/6,12/3] 8

For instance, (3.5) is equivalent to the relation PﬁL—z(Rz—L >my +y)~w Y ML .. We
write f =o0,(g) if

limsuplimsup  sup f =0.

L—oo t—0 ZE[L1/6,L2/3] g
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For instance, the probability in the left-hand side of (3.1) is 0,(1). We will write f ,S(u) g if
there exists some constant C > 0 such that

limsuplimsup  sup —<C.
L—oo =00 ,¢c[11/612/3] 8

Lastly, we will write f <) g if f S, g and g Sy f-

3.2. Proof of Theorem 1 (assuming Theorems 3.1 and 3.2). From Theorem 3.1, we have

IP(R;“>mt+y)—ou(1)=1—]P’( N N {R,(")fm,—l—y})
erinue-/\[tl),l‘

:1—}2[ I ]P’( N {R,(")sz+y}‘}"L)]

veNyin  weN |

Let g;(y) :=P(R <m; 4 y). Then rearranging terms in the previous display gives

a0)=E[ TT (1-2( U (R >m +)[7))] + o

UE.N’Z]in ME-/\/;U_L

Define z, := /2L — R?’) and A, = (R(Lv))_"‘dzve_(zl)ﬂ)ﬁ. By the Markov property,

]P’( U {Rt(”) >m; + y}‘]—"L> :PﬁL—zU(R:LL >m; + y).

v
ueNy |

Thus, Theorem 3.2 implies that there exists a sequence €;, > 0 satisfying €7 — 1,0 0 such
that for every L and all 7 sufficiently large (compared to L), we have

2| T (1-d+era)|=ao) +oun
UE-N'ZJin
(3.6)
SE[ I1 (1—(1—6L)V*Au)]
UENZJin

For all particles v € ./\/'Z’in, we have z, € [LY0, L2/3], and thus A, — ]« 0 determinis-
tically. Note that for all x € [0, 1), we have 1 — x > e—¥+Hog(1—x¢") > e_lx(“rlfxze") and
1 —x < e for all x € R. Thus, for all L sufficiently large and v € N}J*", we have the
bounds

1—(1—e)y* Ay <e U774 and 1 — (1 4€p)y*A, = e THD7™A

for another nonnegative sequence €; such that €, <e€; — 0 as L — oo. Applying these
inequalities to (3.6) yields

E[exp(—(1+ €} )y*e>V2Z1)] < g:(y) + ou(1) < E[exp(—(1 — €} )y*e>V2Z,)],

for all L sufficiently large and for all 7 sufficiently large (compared to L), where we recall Z
from (1.6). Subtract E[exp(—y*e™” Vg 1.)] from each side of the above, and note that the dif-
ferences with the left-hand side and right-hand side both go to 0 as L — o0, since exp(—e ™)
is uniformly continuous in x. Thus, there exists a nonnegative sequence €; — .o 0 such
that for all L sufficiently large and for all ¢ sufficiently large (compared to L)

(3.7) Ig:(y) — E[exp(—y*eV22Z.)]| = €}.
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Now, since R/ — m; is tight, there exists a subsequence {f; };cn along which g (y) converges
to a distribution function g(y). Since g;(y) has no L dependence while E[exp(—y*e™” Vg )]

has no ¢ dependence, taking the limit of the right-hand side of (3.7) first as #; — oo, then as
L — oo, yields

(3.8) lim Elexp(—y*eY2Z;)] = g(»).

It follows that every subsequential limit of P(R} < m; + y) is equal to g(y), and thus, by
Prokhorov’s theorem, lim;_,~ g/(y) = g(y) as well. Thus, we have proved that R} — m;
converges in distribution. Further, via the Laplace transform, Eq. (3.8) shows Z converges

to Zoo in law and thus g(y) = E[exp(—y*e‘yﬁZoo)].

4. Proof of Theorem 3.1: Confinement to Ifin. Unless otherwise stated, we fix d > 3
in this section. See Section 8 for the d = 2 case.

In Section 4.2, we prove Theorem 3.1 via the following strategy. We are interested in
bounding the probability P(Jv € N : sz) ¢ IZVin; R,(v> > m; + y) from above. Naively ap-
plying a union bound and the many-to-one lemma (Lemma 2.1) yields the upper bound

¢'P(Ry ¢ 1™, R, > my + ),

where R_denotes a d-dimensional Bessel process; however, it can be checked that the above
probability does not exhibit enough decay to overpower the e’ term, indicating that the union
bound was too rough. The fix is Lemma 4.2, which states that, with high probability, no parti-
cle ever crosses the “barrier function” B(s), defined in (4.1), on [L, #]. Once this upper barrier
on particle trajectories is established, we can apply the union bound and many-to-one lemma
to PAv e N, : R\ ¢ Iin, E{’QLJ](RF”)), R™) € (m; + y, B(t))), which can be estimated by
integrating over the Bessel density at time L and applying the Girsanov transform (2.7) on
[L,t], which in turn allows us to consider Brownian motion on [L, t], and thus the barrier
estimates of Section 2.4 can be applied. One point of concern is the W,, % term in (2.7) (for
our application, this will become R; “), which of course blows up at 0; however, the integral
will eventually reduce to Lemma 4.1, which gives sufficient decay. Lemmas 4.1 and 4.2 are
proved in Section 4.1. In Section 4.3, we prove Lemma 4.3, which is needed for the proof of
Proposition 5.3; its proof is similar to that of Lemma 4.2, and so we give it here.

4.1. Preliminaries: An upper barrier. Define the barrier function
m
(4.1)  B(s):=B(s;t,L) = Tts +Cqlog(s A (t —s)), +1logL, forsel[L,1],

where C4 > 0 is a sufficiently large constant (precisely, we fix any C; satisfying the condition
of Lemma 4.2). We begin with Lemma 4.1, a technical estimate on a certain integral over the
Bessel density; the lemma will show up in our proofs of both Lemma 4.2 and Theorem 3.1.
For a time-homogeneous Markov process X., we write pX(x,y) to denote the transition
density of X given Xo = x. Further, let

4.2) o, :=?—ﬁ=cdb7gt,
where we recall ¢y from (1.1), and define the intervals
I :=[0,0,L +L"® 4+ (Cq+ D logL],
Jpi=B(L) = I} =[o,L + LY® + (Cqs+ DlogL, o,L + L*3 4 (€4 + 1) log L],

I} :=[o,L +L*? +(Cq+ 1)logL, B(L)].
Note that [0, B(L)]\ Jp = I, UI,.
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LEMMA 4.1. Let R; be a d-dimensional Bessel process, for any d € Z=, and define
B(s) as in (4.1). Then

R
0, B(L) — N
43)  eLLCaV? pLOBW) =) | eV gy < L5 gna
[0.B(L\J, (B(L) —w)* )
R
0, B(L) — _ 2
(4.4) oty [ PLOBLI=w) (s —uiayy, -2
Jo (B(L) —w)* (w
PROOF. Let Ry = ||[(B1(s), ..., Bg(s))| fori.id. standard Brownian motions By, ..., B;.

Let x4 have the chi distribution of d degrees of freedom. Then Rp @ L2 4. Letting p*d(y)

denote the density of x4, it follows that we have the following estimates uniformly over all
w e [0, B(L)]:

pR(0, B(L) — w) = L™12pxa(L~12(B(L) — w))
L2 BD) —w T s

4.5 =
@5) (u) Ld_gl
d—1
_ BL) —w) 1—3—(+CV2 — 2LJr(«/—+fL)w L
o=

where £, := ((Cq + 1)log L)/L. Recalling og from (1.1), we then have that for any I C
[0, B(L)]

DR 0. B(L
I ¢ Cdﬁ/ (;(’L) (_ l})ar)) (1 w)e w\/i lw

d—1
—w\ 7T W2
XL_H%ﬁf(f?(L)LiYIJ) T 4 wyeftte 2 du.

(w)
Note that for w € [o;L + L3 4+ ¢y logL + 1), B(L)], we have efLw g(u) L€, where C =
\/E(Cd +1),and B(L) —w g(u) L. Thus, for some positive constants C and C’, we have
c’ B(L)

w2 1
4.7) T, <LE (1 4+ w)e™ 2 dw < L e L2,
(u) 0, L+L23+4(Cy+1)log L (u)

For w < o;L + L*3 4+ (Cy + 1) log L, we have

(4.8) MY <1, and B(L)—wx=L,
(v) (v)
so that
S5 [orL+LY+(Cat+1)logL w2 N
(4.9) T, = L2 / (1 +wye % dw < L~2% .
u

(w)
Equations (4.7) and (4.9) then give equation (4.3). Finally, equation (4.6) and (4.8) give
Ne Vil
B2 [ b wye ¥ dw = 1253
(u) JL (w)

This shows equation (4.4). [

LEMMA 4.2. There exists a constant C := C(d) > 0 such that for all Cq > C, we have

2—1

(4.10) P(U UIRY=se)) 52

se[L,t] veN (CY)
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PROOF OF LEMMA 4.2. We consider separately three distinct time intervals during
which a particle might exceed the barrier B(s): [L, /2], [t/2,t — t1/8), and [r — £1/8, 1].

For this first interval, we consider separately the case s = L, and then employ a union
bound over s € (L, t/2]. For brevity, write

E,(v) :={R™ > B(s)] and E;‘(u)::{Rg“)gB(L)}m[ sup R§?)>B(s)}.
s'els,s+1]

Then we find

IP( U U Es(v))

s€[L,t/2] veN;

4.11) 51@( U EL(U)) +IP>< U UIRY <BD)n Es(v)>

veENT se(L,t/2] veNs
L5—L]
=p(U zm)+ ¥ p( U o).
veNL s—L=0 veN;+1

We begin with the first term on the last line of (4.11). A trivial upper bound and the many-to-
one lemma yield the following upper bound:

IP’( U EL(U)) < ]E[ > 11EL(U)] =e'P(R. > B(L)),
UENL UGNL

where Rj, as usual, is a Bessel process of dimension d. Analyzing the chi-distribution with d
degrees of freedom bounds the previous expression from above by

B(L)?

elq(Lye™ 50 S (L)L~ 1HCV2,
(w)

where ¢ (-) is a polynomial of degree depending only on d. Let deg(gq) denote the degree of g.
Then for all C; > (% + deg(q))/ V2 — 1, we have the desired bound

(4.12) IP( U EL(U)) <L 712,
UENL (u)

as desired.
We next turn our attention to the summation in the last line of (4.11). Fix any s € L +
[0, L% — L]], and employ the usual upper bound and many-to-one lemma to find

IP’( U Ej@)) < HP(EY (v).
veN; 4
Expanding the right-hand side of the above by integrating over w := B(L) — R, applying the
Markov property, and then employing the Girsanov transform (where we bound the exp(-)1(,
term in the right-hand side of (2.7) by 1) yields

1 B(L) R
et f pr (0, B(L) — w)]P’B(L)_w( sup Ry_j > B(s)) dw
0 s'els,s+1]

R
ot /B<L> PR, B(L) — w)
0

(4.13) B = )

o
X EB(L)*U)[Ws—il—L]l{SUPS’g[s_L,;.H_L] W5>B(s)}] dw.
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Now, define Ms41-L := supycpos+1-1] Wy'» and recall that the density function of M41—1
is twice that of Wy 1_r on [0, 00). Then the final display of (4.13) is bounded above by

B —w Mgl _ LM,y >Bs) ] dw

s /M) pFO. B(L) — w)
0 (B(L)—w)

— ot /B“) p£(0. B(L) — w)
0 (B(L) —w)%d
4.14) x E[(B(L) — w4 Ms1-1) " Lip,, 1> B(s)—B(L)+w} ] dw
‘ B(L) R0, B(L) —
Xxeb(s_i_l_L)—l/Z/ dpr( ( ) U))
(u) 0 (B(L) — w)%

(B(s)— B(L)+x+w)?

o
x/ dx(B(s) + x)™e” 20+1-D)
0

Recall that ¢; := ﬂ, which for d > 2 is of course minimized by ¢c; = —1/ /2. Then expan-
242

sion of the Gaussian density in the previous display gives

S)— XT+W 2
(4.15) e_(B(‘ )2(fw(LL1);rL)+ _) 5 e STL (S/L)—Cdﬁ\pse—x Ze—w\/z’

(w)
where W, := ¢(—L)10gt/t Note that
o0
(4.16) f (B(s) + x)% V2 dx < 5,
0 (w)

and from Lemma 4.1 (and the fact that 1 + w > 1), we have

4.17) / B0 pLO BUL) —w) sy o ot a2
' 0 (B(L) — w)% g

Substituting (4.15)—(4.17) into (4.14), we find

N
(4.18) IP’( U a;‘m) < [P a2y
vEN; 11 (W

Now, for s < L +1/logt, we have W, < e. Take Cy > arg/~/2; then

Lz/logt]

(4.19) 3 IP’( U Ej@)),gr”%l.

s—L=0 vEN; 4] (w)

Fors e [L+ [¢/logt],t/2], ¥y < /2, but s~Cav2 S 1. It then follows from (4.18) that

15—L]

~ ag+1—Cy .
(4.20) 3 IP’( U a;‘xw)gy”% 1;%( ! ) <5,
(w)

s—L=[r/logt] “weNii| (w) log?

where the last line follows for all C; > ag + % Thus, equations (4.11), (4.12), (4.19), and
(4.20) imply that for all C; sufficiently large (depending only on d),

4.21) IP( U U as(v)>§L—”§1.

se[L,t/2] veN; (w)
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We next turn our attention to s € [t/2,t]. For a real-valued process X. and an interval
[a, b] C Rxp, define the event

—=B
Ofun(X) =Bl y(X)N{ sup Xy > B®)}.
s'elb,b+1]

Instead of a union bound as in (4.11), we use the result of (4.21) to obtain the following
bound:

IP( U U as(v))gL—%+P< U U Bl (R mus(v)>

selt/2,1]veN, () selt/2,1]veN,
4.22) 1£/2)

+ ) P( U [Lv(R(”))>

S—EZO UeNv+l

I\)I'—‘

It suffices to consider the second term in the second line of (4.22); in particular, we have
reduced to a union over particles v € N that stay bounded by B(u) for all u € [L, s] before
exceeding B(s) at some time in [s, s + 1]. This barrier event will give extra decay.® Fix any
s € 54 [0, | 5]]. A union bound and the many-to-one lemma (Lemma 2.1) give

(4.23) P( U Ls](R<”)))<es+‘P( (s (RD).

vEN 1

Now, similar to (4.13), we integrate over wy := B(L) — W and apply the Markov property
at time L to find

BL)
P(O] 5 (R)) :/0 pr(B(L) —w)P(O7 o(R)IRL

=B(L) — wl)dwl.

(4.24)

Next, we apply the Girsanov transform, this time bounding the exp(-)1y.; term in the right-
hand side of (2.7) by Lyw,_, ~0}:
(4.25) P(@ES](R.NRL =B(L) —w;) = (B(L) —w;) ™7,
where
T:= E[W:Xil:u-{Ws>0}ﬂO[L Gy WL = B(L) — wi].

Let M}_H 1 = SUPyeps—r s+1—r] Wy Then using the Markov property to shift time by L

and conditioning on Wy_, yields

TZEB(L)—wl[E[WvH L]l{ L L>B(s)}|WS_L]

W, BBCHL)
X PB(L)L—wl s—L( [0,s— L](W)) W37L>O}]
<Epwy-w [EIWeE A1, =y Wet]

Wi B(+L)+1
4.26)  x Py (Bosr) W) liw, e8]

vl-i-wl
(u,\) s—L

107
Epwy—uw [Wyi1_(1+ B(s) — Ws_ L)]l{M L > B(s), Wy L€(0, B

3We did not need this extra decay in the range s € [L, t/2]. Here, it is needed essentially because %(B(s) -
L (s)) is negative when s > 1/2.
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< 14+ wq
(Nu) s—1L

x Ep(ryw [(Myp1 )™ (14 BO) = Weml)Liygt = poyw,_c0.56))

where in the second line we have used (2.23), which holds uniformly over wi > 0, and thus
the above bound does as well. Write M := supy¢[g 1) Wy. Integrating over wy := B(s) —
Ws_r and using the Markov property and shift-invariance gives
14w
o (s —L)3?

B(s) w
@20 X/o (Ltwge %" Eps)—ua [M1“ Ly > sy ] dw
1+w; [BG® _(B(S)—B(L)+w1—w2)2 w%
= — 1+ wy)B(s)%e 26=0) Z dw
) t3/2 /(; ( + 2) ( ) 2.

Since s >t /2, we have B(s) <(u)t and so

(B(s)~B(L)—wy+w))?

428) e 2ot < e HLLCaV2((p = g)TCaV2 p 1) eraV2em V2
W

. - _ s=L o
uniformly over the relevant ranges of w; and wj, where W :=e 2eq(log1) 5= Substituting
these bounds into (4.27) gives

(4.29) T <1+ wy)e IVILCV2pms Ly =3t ((p — 5y =Cav2 5 1),
(w)

which holds uniformly over w; € [0, B(L)]. Equations (4.23), (4.25), (4.29), and Lemma 4.1
leave us with

(4.30) Pl |J O (RY) ))5
UENq+1 ()

173 (1 — ) VA1)

Now, for s € [t/2,t — tl/g], we may take 7p §(u)t (because, as noted before, ¢y > —1/«/5)
and t — s > ¢'/8. Then the bound in (4.30) becomes

_ v
( U efaRY ) U ALt e
veN;+1 ()

from which we find
|_ t I/SJ

amn Y (U epgr) i

5—720 UGNY+1 (U) (l])

Cav2 2V/2-1
“d"'z 5 <L,

for any Cy > 4d/~/2. For s € [[t — t'/3], 1], we have ¥ ~(u) V2 — t%_“d, so that the
bound in (4.30) becomes

P( U [L ](R(U))>N

veEN; 11 (w)

t—s)_cdﬁ.

Thus,
L#/2]

(4.32) > ]P’( U er. s](R(W))gL‘N;ﬁ,

s—i=lL—rV8]41  “weNi4 ()
for any Cz > 0. The lemma then follows from (4.22), (4.31), and (4.32). O
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4.2. Proof of Theorem 3.1. Note that for all # > 1 and for all y < ¢!/2, Theorem 1.1 of
[12] shows P(R} > m; + y) > 0. From this and Lemma 4.2, we see that it suffices to show

433)  P@EveN;:RY ¢ 17 Bl 4(R™), RY € (mi +y, B(®))) = 0u(1).

We show (4.33) by upper bounding the left-hand side above by

E[ 2 ]l{R‘L”)¢Iz”in}ﬂ{Bf’L,,]<RF”>>}m{R§”e(mt+y.B<t>>}}’
veN;

whence the many-to-one lemma (Lemma 2.1) gives the above as equal to

in. B(G+L
SRy & 17 Biy i (R): Ry € (my + v, BO))),
where R. denotes a d-dimensional Bessel process. Integrating over wy := B(L) — Ry and
applying the Markov property at time L gives the above as equal to

B(L) R
(4.34) e /0 pr (0, B(L) — wr)P(wr),

where

—B(-+L
Pwr) = P(y—uw, Bios 1 (R), Ri—r, € (mq + y, B(®))) dwy

(4.35)
=Eaw)-u [Ep)—w, gocin) o) [R-LILR L eon+y. B0

We now apply the Girsanov transform to the conditional expectation to replace the Bessel
process with a Brownian motion (W;)se[0,s—1] conditioned to end at R;—;. Bounding the
indicator function and the exponential term in (2.7) by 1 gives the following upper bound on
the expression for P(wy) in (4.35):

W_r )ad]P)WtL (EBH—L)

(4.36) Epr)-w; [(m B(L)—wp,t—L [O,I—L](W'))]]'{Wt—Le(mt“‘ysB(l))}]'

Increase the barrier event above to Big, ;) (W.), then apply (2.23), so uniformly on
Lyw,_; e(m,+v,B()))» We have

Wi =B(-+L) (wrp + D(B@) =W+ 1)
PB(IL)L—wL,t—L(B[O,t—L](W')) S .

() t—L

Substituting the above into (4.36), noting that W; _; <) ¢ uniformly on 1yw,_, con,+v,B())}»
and then integrating over w; := B(t) — W;_, yields

3

< (wp 412

logL—y _(BW)=B(L)+wp —w;)?
PO S B wL)"‘d—/(; (uthe o dn
(w) -
1 —\waL logL—y
(4.37) L [CaVE—a-n WLt De / (wy + De¥? dw,
W (B(L) —wr)* Jo

) (wr + DemV2ur

(B(L) —wp)* ’
where in moving from the first line to the second line of (4.37) we have used the fact that wy,
Wy ,S(u) L to greatly simplify the exponential in the integrand of the first line. Substituting

the result of (4.37) into (4.34) and computing the resulting integral via equation (4.3) of
Lemma 4.1 simply yields (log L)L~!/%, thereby showing (4.33).

= (log L L(C"H)ﬁe
(u)( gL)
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4.3. Another upper barrier. We present in this short section a lemma, whose proof is
very similar in strategy and method to the proof of Lemma 4.2 above. It will be used in the
proof of Proposition 5.3. Let Iy be a large positive constant depending only on d, and define

(438) Bo(s):=Bo(sit, L) = %(s +L)+y+logl + Kylog(s A(F— £ —5)),,

where 7 and ¢ will be chosen as functions of ¢ and L (see (5.1) and (5.2) respectively). The
following lemma shows that we can find a Ky such that the probability that a branching
Bessel process started somewhere in IZ’in exceeds By(s) at time s for some s € [0, 7 — £] is
negligible.

LEMMA 4.3. There exists a constant K4 depending only on d such that

@ (U UKD swl) eV
s€[0,i—L] vEN; ()

PROOF. For a real-valued process X. and an interval [a, b] C R, define the event
= —=B
(X =By (X)n{ sup Xy > Bo®b)).
s'e[b,b+1]
Then, similar to (4.22), we find
P U U= 8060)) <P (U U 8g(k™).
s€[0,f—£] VEN; s€[0,i—¢] veEN;+1
A union bound over s shows that the last expression is at most
[F—¢]

Z E\/ZL—Z[ Z ]l(:)’[ko,ﬂ(R(v)):|s

s=0 UE./\/S+]

whence we may conclude from the many-to-one lemma and a Girsanov transform (where we
upper bound the term exp(-)1y, in the right-hand of (2.7) by L{w,~0), valid for d > 3) that
the left-hand side of (4.39) is at most

[F—¢]

+1 —
Y e (V2L - 2) adEﬁL_z[Wsai11{W5>0}m®r0’ﬂ(w.)]~
s=0

Let MSIJrl = Supyc(s.s+1] Wys'- Then from the above, we find

li—¢)

(4.40) PﬁL_Z< U UI{RrRY> Bo(s)}) < Y e TW2L — )T,
s=0

s€[0,/—¢] vEN;

where

— 1 \aq
(4.41) Ty = EﬁL—z[(Merl) ]1{WS>0}O{M1+1>B0(s)}ﬂE[%(?s](W.)]'

N

Let’s first consider s > 0. Integrating over w := Bo(s) — W; € [0, Bo(s)] gives

Bo(s) Bo(s)—w ~=sBo()+1

(4.42) X ]E[(M;+1)“d1M3H>BO(s)|WS = Bo(s) — w]dw

B,
< ZBOSz)adf 0(5)(1 + w)e—Bo@—w—v2L427/25) y=u? 2 gy
w S
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where the above bound comes from (2.23) and the bound
o B ) )
E[(M} 1) Ly - gy Ws = Bo(s) = w] = [~ (Bols) )4+
< Bo(s)™e 1,
(u)

which holds uniformly over w € [0, By(s)]. Let £(w) := Bo(s) — w — V2L 4 7 — /25, and
consider s € [1, | (f — £)/2]]. Then expanding (\/is + E(w))? in the last line of (4.42) gives

€s+l(\/§L _ Z)—ade
E*ﬁme,z

(4.43)

3 . By(s) w2 £ (w)2
gs_f_KdﬁBo(s)“d\Ils/ (1 + w)e™v2="T =55 du,
(w) 0

where U, := 1w/t
For s € [1,z'/%], we have £(w) =) 2z, Bo(s) Sy L Sy 2% and W~y 1. Then (4.43)
gives
eS—H(\/_L Z) ad’rs < 6oy _23/2/2
I fszz )

so that
L / J s+l
(4.44) Tooy e TV2L — 97, <z baq+z'/? ,—22% )2 <1.
e—2my . (W o)
For s > z!/2, we will always take the tr1v1a1 upper bound exp(— E(w)?/(2s)) < 1. For

s € [z!/2, L], we again have By(s) Swl=s (u)z and W ~(y 1, so that

es—H(\/iL — 7)Y < (ZI/Z)—%—ICdﬁZ&xd
M. W

Since L <(u) z°, it follows from the previous display that for all Cy > %, we have

H—l o\ —Qq
Z g1 € (VL =2 < f6+6u—] S
=2y, o W
For s € [L, t1/3], we have By(s) =) § and lTJS ~@) 1. Then
1 —
STUV2L — 7))~y < —3-KavEtaq
E_ﬁmL,z (fl\;)

(4.45)

2000—1
272

LT —a
Eomiie ¢ (V2L )7, o [~1Kavatea <
2y © W

For s € [t'/3, (f — £)/2], we have U, ,S(u) 3/4; thus, for all K > %, we have

so that for all Cy > we have

(4.46)

LT—0)/2] T-i—l 2L —oy
—z a ’Y‘
2 1113141 (V2 ) - S,T(tl/3)_%_lcd\/§+adt3/4 S

(4.47)
£~ \/EEIRL,Z (u) (w)
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For s > (f — £)/2, instead of (4.43), we have

(4.48)

STUV2L — 7)™ %Y . -
T (VAL — )T, <7 ((F— 0 —5) v 1) V2
e—ﬁsmL,z ()
@ _Ew)?
where we have used By“(s) ~wu)lande™ > < 1.
For s € [(7 — £)/2,7 —1"/%], we have s73/20; <, 1. Thus, for Ky > 20524 (4.48) gives

v
us
|.t~*t1~/8J e”l(«/iL _Z)—ade o3
(449) s=10—=6)/2]+1 S tl+(¥d— dg g 1.
e—2my . ® o)
For s € [f —t'/8, 7 — ¢], we have s ~ 1, so that (4.48) gives us
I—[_EJ s+1 —a
Y TN V2L — )7y
(4.50) sl )+ L <(—t—syv1)yReV2 <,
—V2m; . W )

for any Ky > 0.
Lastly, we consider the summand in (4.40) corresponding to s = 0:

e(V2L — z)_“"EﬁL_Z[(Mll)adﬂ{M}>Bo(0)}]

4.51) = («/§L —z) % foo x"“’e_(Z’Lerl"g‘i””‘)z/2 dx
(w) By(s)

S(V2L — 7) gm0 /2= 0e /2B ()% o= BoO/2 < =29y,
(u) (w)

Lemma 4.3 then follows from (4.40) and the bounds in (4.44)-(4.47), (4.49), and (4.50)—
“4.51). O

5. Proof of Theorem 3.2: A modified second moment method for d > 2. We are in
the situation of a branching Bessel process started at height /2L — z and run for time ¢ — L.
For brevity, we will write

(5.1 f:=t—1L.

In this section, we detail the proof of Theorem 3.2 for all fixed d > 2, which gives the exact
asymptotics of the right-tail probability P \sz—z(R; > m; + y). The model for our proof
comes from the modified second moment method of [6], which took place in the setting of a
one-dimensional nonlattice random walk. We detailed this method in Section 2.1 in the case
of one-dimensional branching Brownian motion. We will refer to the content of that section
to highlight the similarities and differences between the one-dimensional method and ours.

Adopting the modified second moment method of [6] to the case of d-dimensional Brow-
nian motion (for d > 2) requires several additional technical results to handle the differences
between one-dimensional Brownian motion and the d-dimensional Bessel process— for us,
these differences are essentially captured by the Girsanov transform (2.7). Our analogue of
Ay (x) is given by G ;(v), defined below in (5.10); however, before going into further
details, we must first establish some notation.
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5.1. Notation. Fix a parameter £ := £(L) such that
(5.2) 1<eL)y<LY% and lim ¢(L) = .
L—o00

Any choice of £(L) satisfying (5.2) is valid.* Note that £(L) < z(L) for all L > 1.

Next, we discuss the relevant barriers and associated notation. Recall the barrier events
given in equation (2.8). We now define our “lower barrier” function: as mentioned at the start
of this subsection, this is needed to handle the exp(-) term in the Girsanov transform (2.7).
Recall from Section 2.4 that we write ff (s; T) to denote the function of s € [0, T] whose
graph is the straight line segment in R? connecting (0, a) to (T, b). Let?

(5.3) 0, =04,
It will also be useful at this point to define the quantities

(5.4) x(a):=v2L —a,  yb):= ?(z—ﬂ)ﬂ—b,

for any a, b € R. The function Q,(-) := Qy ; 1 (-), defined below, will be the most important
“lower barrier function’:

V2L —21%3 s €0, 4],

2/3 - - ~
(55)  Q:) = flon T = (sAG—=9)"" se,i—t—t),
y(20%3) self—t—1e,i—12].

See Figure 6 for a depiction of Q. Note that for all L and ¢ sufficiently large, we have
Q1) > limg ¢, Q,(s) and Q. —L—4ty) > limsu“—z-el 0.(s). We will also make use
of the upper-barrier function By, defined in (4.38). With a view towards the exp(-) term in
Girsanov transform (2.7), note that for all £ > 0,

oy — ag -t oy — “521 -t 1
(5.6) exp( 3 ds) ~ exp<7/ — ds) ~ 1.
2 Jo Q9 (W) 2 Jo  Bols) ()

emi+y

® y(2/3)

V2L - 12/3

V3L —212/3

21 t—0—10; t—1¢ i

FIG. 6. The event G ;(v) from (5.10): for a fixed v € N;_,, RFU) is bounded above by the blue line and below

by the solid orange curves that comprise Q; on [0, f — £], Rtgi)e lies in the “window” [y(¢2/3), y(¢'/3)], and v
produces a descendent in N that exceeds m; + y.

“In fact, the condition £ < L!/® is not imperative; however, enforcing it abbreviates several calculations.
SThis choice of £1 will be made clear in the proof of Claim 6.8. Really, we just require £ := £€ for any € > 0

such that ¢1/3 — 61«/2—2%/3 > 0.
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A crucial barrier event used throughout Sections 5—7 will be the event that a process X. is
bounded above by the linear barrier %(- + L) + y (where we write f(- + r) to denote the
function u — f (u 4 r)) and bounded below by Q(-) on a certain time interval I C R>¢. We
will denote this event by B} (X.) := Bf’y’z,LJ(X.); note that

(5.7) BE(x) =B, I (x)nB%(x.).

For any s, r > 0 and v € N, we also define
(5.8) T () 1= Tppy (v) = {vné% Ry > mi +y).

Now, for particles v € N;_,, define the events
t
Vd

(5.10) Griw) =B (RV)N{y(RY) € [¢'7, P N To(v).

—»B
(5.9) Fr,(v):= B[O‘?;Z](Rf”))ﬂ{Rtﬁi)g> }msg(v), and

Figure 6 depicts the event G ;(v) for some fixed v € N;_,. Lastly, define the simple random
variables

(5.11) I'psi= Z ]lFL!,(v) and /_\L,;ZZ Z ]lGL,t(U)'
veN_, veN_,

Note that A L.t <T'r ; holds trivially for all ¢, L, £ > 0. As we will later show (see Lemma 5.1
below), in terms of first moment [Ex(;)[-], these random variables are in fact asymptotically
equivalent (in the sense of ~(y)) to each other, and are each asymptotically equivalent (in the
sense of =<y)) to M, . (defined in (3.4)).

5.2. The modified second moment method. The event G ;(v) is the suitable analogue
of A, ;(x) (see (2.2) and the discussion that follows it), which had the key properties that
(a) leading-order asymptotics for E[Z; ,(x)] were precisely computable, and (b) the second
moment E[E ,’g(x)z] was asymptotically equivalent to the first moment squared in the sense
of (2.3). Towards step (a), we have the following.

LEMMA 5.1. Forany y € R, we have
(5.12) Exo[AL.] (’\u’)EX(z)[FL,t],

and

- Trag 2/3
Exip[A 2 ¢
x@hr] 22 wewﬁP(WZ‘ > V204 w)dw < 1.

5.13
G139 Mp, @ o Jos ®)

Lemma 5.1 is proved in Section 6 (for d > 3) as follows. First, in light of the many-to-one
lemma (Lemma 2.1), we need precise estimates for Px(;) (G ;(v)) in order to show (5.13).

These can be obtained because on [0, 7 — £], we have good control over the path of R@,

as equation (5.6) and the endpoint Rzgi)z ~(u) "T“(f — £) show that the Girsanov transform to

Brownian motion (2.7) can be precisely estimated (in the sense of ~(y)), and thus we will
be able to import Brownian motion estimates on [0, 7 — £]. Furthermore, the important result
Corollary 6.3 and the Markov property will allow us to estimate the probability of T¢(v)
by the tail of 1-dimensional branching Brownian motion. Thus, we will be able to precisely
calculate Px(;)(G . ;(v)). On the other hand, the work of Section 6.2 will allow us to equate
the barrier events of (5.9) and (5.10) uniformly over certain Brownian bridge laws which
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appear after some technical estimates (see the Brownian bridge probability of the barrier
event in (6.64)); thus, we will find (5.12). See Section 8 for the two-dimensional case.
Towards Step (b), we have the following.

LEMMA 5.2. Forany y e R,
(5.14) Exo)[AL.(] o Ex [AZ.].

Lemma 5.2 is proved in Section 7, also via the Girsanov transform and barrier estimates. Its
validity follows from the fact that our events G, ;(v) are suitably de-correlated. Lemmas 5.1,
5.2, and 4.3 yield Propositions 5.3 and 5.4 below, which are proved in Sections 5.3 and 5.4,
respectively.

PROPOSITION 5.3. Forany y € R,

(5.15) IEDx(z) (R;( >m; + y) IEx(z) [[_\L,t]-

(W)
PROPOSITION 5.4. There exists a constant y* > 0 such that for all y € R, we have

(5.16) ExolAL,] (’;)y*imL,z-

PROOF OF THEOREM 3.2. Theorem 3.2 follows immediately from Propositions 5.3 and
54. O

5.3. Proof of Proposition 5.3. A trivial first-moment bound gives
(5.17) IP>x(z)(R;< > nmy +y) <P1+P +EX(Z)[FL,[]5

where we define

P :=IP’X(Z)< U U {R§">>Bo(s)}), and
veEN;_; s€[0,i—£]
t

Pr =Py <E]v eN;: Rtfi)e < 7

aRIEU) >mt +y)
Note that P; is bounded in Lemma 4.3.

CLAIM 5.5. Foralld >2 and L > 0, we have
t

Vd

(5.18) lim  sup Py <3v eN; i RY < — RV > m, + y) =0.
]

fﬁOOZE[Ll/ﬁsz/z

PROOF OF CLAIM. By a union bound and the many-to-one lemma, we have

t

by t
Px(z) (Elv eN;: Rtgz < , RtSU) > m; + y) < e’IPX(Z)<R;E <—, Ry >m; + y),

Vvd Vd
where (Ry) is a d-dimensional Bessel process. Denote the left-hand side of the above display
P. Coupling (Ry) with a d-dimensional Wiener process (Ws(l), ey s(d)) such that Ry =

Hw . WY, it follows that
d

t . t .
R, <—,R:>m; + }gl |{W~l <—, W >
{ =t \/c_l ! ey o1 =t \/c_l g \/c_l
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whence a union bound shows that

7 t my+Yy P my+Yy
(5.19) P <de'P <W~_ < —,W:> )St\/c_le IP’L(W5> ),
x(z) t—¢ \/g t \/g Nz \/3
where the second inequality above holds for all t > £%/3 (the Wiener process must travel a
distance of order t in a time interval of length ). That P — 0 as t — oo then follows by
Gaussian tail estimates, concluding the proof of the claim. [

Dividing both sides of (5.17) by Ex(;) [A /] and then applying the bounds given in (4.39),
(5.12), (5.13), and (5.18), we find

]P)x(z)(R,i< >m; +y) <1

(5.20) lim limsup  sup =
L—o0 >0 Z€[L1/6,12/3] Ex(z)[AL,t]

For the lower bound, we have

Y
) - Ex)[AL,:]

P()(Rf>mz+y)219’(>< Gort(y)) > —
x(z) \I\f X(z U v Ex(z)[AzL’t]

veEN;
where the Paley—Zygmund inequality was used in the last inequality. Lemma 5.2 implies that

P R¥ >m; +
(5.21) fm fminf i QBT

L—o00 [—>00 7g[L1/6 12/3] Ex()[AL.]

Equations (5.20) and (5.21) imply (5.15).

5.4. Proof of Proposition 5.4. From (5.13), it remains to show that there exists some
y > 0 such that

0273
g() = /{;1/3 wewﬁP(WE > /20 + w)dw o
3 u

Since ¢ has no z or ¢ dependence, this amounts to showing lim;_, » g(¢) = y, for some
y > 0. To see that the limit exists, note that (5.15) and (5.13) together imply

I+ay
Pxn(RE>m;+y) 272

(5.22) XM Z Y 2(0).
M., W T

The left-hand side above has no £ dependence, and so it follows that the convergence in (5.22)
will hold for any sequence of ¢ := £(L) satisfying (5.2). In particular, we find that for any
two £ :=£(L) and ¢’ := /(L) satisfying (5.2), limy oo g(£)/g(¢’) = 1. Since (5.13) implies
that there exist constants Cy, C, > 0 such that 0 < C| < g(£), g(¢') < C», the previous limit
yields that limy_, o |g(£) — g(£))| = 0. Because ¢, £’ — 0o as L — oo and they were chosen
arbitrarily according to (5.2), it follows by the Cauchy criterion that there exists some y > 0
such that limz_, o g(¢) = y. This concludes the proof.

REMARK 5.6. The convergence of g(¢) was also proved in Lemmas 4.4 and 4.5 of [2]
using asympotics of the solution to the F-KPP equation.

6. Proof of Lemma 5.1: A first moment analysis. Throughout this section, we fix d >
3, so that ag — ozf, < 0, and therefore the exp(-) factor in (2.7) may be upper-bounded by 1.
See Section 8 for the two-dimensional case.
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6.1. Estimates on the right tail of R}. Recall the definition of ¥, (v) from (5.8), and note
that since the Bessel process is homogeneous Markov, we have for any s,r > 0 and any

veN,

P(T,(v) =Py (RY > m; + ),

R
conditional on Rﬁv). In light of the events defined in (5.9)—(5.10), estimates on P, (R; >
m; + y) for x > t/~/d will be crucial to our analysis in Section 6.3.

LEMMA 6.1. Forevery € < V2 and for all x € [et, m; + y], we have

Onp+y—x)2
6.1) Py (R > m; +y) S el
)

where the implied constant depends on € and d.

PROOF. We use a union bound, followed by the many-to-one lemma and the Girsanov
transform as usual:

P (R} >m;+y) < Ex[ Z ]1{R£”)>mt+y}:|
veNy
=Py (R > m; + )

Wp\ %
SEZEX[<T> 1{Wz>mr+y}i|

et 00 wHx\% 2
—_— e 20 dw,
27l Jmi+y—x X

using that, by our assumption on x we have ((w + x)/x)% < C(e, 8) for some C(e,d) >0
over the range w < m; + y + £>/3, say, whereas for larger w, the contribution of the integral
becomes negligible as first t — oo then L — o0o. Thus,

- ep—1/2 [ —w? ¢ty
Py(R; >m;+y)Set / e 2 dw<Ce bl
(u) mi+y—x

for an absolute constant C > 0. [

A key result here is Corollary 6.3, which states that, uniformly over x lying in an inter-
val around m; + y of order £, Py (R} > m; + y) ~u P(W; > m; + y — x). This will al-
low us to approximate the branching Bessel process with 1-dimensional BBM, which has
the advantage of being shift-invariant and better understood. For instance, McKean [13]
showed that u(f, x) = P(W; > x) solves the F-KPP equation u;(t,x) = %uxx —u*+u
with Heaviside initial condition u (0, x) = 1, <0}, a special case of the identity 1 — u(t, x) =
EllTyen; f(x + Wt(v) )] for initial data (0, x) = 1 — f(x). This connection was heavily ex-
ploited by Bramson [5, 7] to prove convergence in distribution of W — m;(1), and will be
further exploited throughout the rest of this subsection.

In what follows, we consider the natural coupling of BBM in R and a branching d-
dimensional Bessel process, obtained by using the same branching tree for both processes
(hence the same set of particles in both processes at all times), and the same driving Brow-
nian motion for each edge in the tree (to be used in each of the SDEs by the two processes
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for evaluating the location of the corresponding particle). Thus, for all s > 0, each v € N, is
associated to a Bessel process R and a 1-d Brownian motion W."” satisfying the SDE

(04
dRY = RT‘; dr + dw®.
r

Note that R > wV.

CLAIM 6.2. Consider the above coupling of 1-dimensional BBM {Wv(v)}szo,veM and a

branching d-dimensional Bessel process {Rs(v)}szo,vej\/'s started at x. Fix £ > 0, and let

_ . . W)
Gy {52}\%0;?25& _x/4}.

Then there exists some constant Cg > 0 such that for large enough x (in terms of €),

sup sup [RY — W15 < Cyt/x.
0<s<tveN;

PROOF. For every particle v € N, we have that U := Uy, = (R§v) — Ws(v))]lgx satisfies,
by definition of the coupling, the equation dUs = oy (Rs(v))_1 1g, ds with initial condition 0,
whence U < f(f Cg/x dr <4C4s/x by definition of Gy, for some constant Cy > 0. [J

COROLLARY 6.3. Fixc > 0and £ > 1. Then uniformly over x € [m; +y —cl,m; +y +
cl], we have
(6.2) Py(R; >mi+y)=(14+o(D))P(W/) >m; +y—x).
where the o(1)-term goes to 0 as t — o0.

PROOF. LetT:=[m;+y—ctl,m;+y+cl]. Then since P (R} > m; +y) =Py (W/ >
my +y), it suffices by squeezing to show that
(6.3) sup P (R} > m; +y) < (1 +0(1)) supPr (W) > m; + ).

xel xel

Towards this end, we first observe that the probability on the right-hand is uniformly bounded
away from 0 as t — 00. Indeed,

in%IP’x(We* >my+y)=P(W;>cl) >0
xXe

independently of t. Next, if Ky x := x2/(80), then by Markov’s inequality,
Py (JNe| > eftr) < ef =R,
Thus, recalling the definition of the event G from Claim 6.2, we have that
P (Gy) < Px(Gy1INe| < e®6r) + Py (INg| = e5)

Ky x 1 Z_le
<e P, inf Ry, <x/4 e x,
- x(se[O,Z] S = />+

where the last inequality used a union bound and the many-to-one lemma. As before, we can
express Ry as the norm of a d-dimensional Brownian motion, so

X X 32
P inf Ry <x/4)<DP inf |W|<-)<P inf W, <—) <2e 32¢.
"(sel[%,e] s=x/ >‘ x<se1[r<l),z]| S|‘4>‘ "(se%,a P )‘ ¢

o

[
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Combining the last two displays along with the definition of K, x, we see that
Po(G) < (2+ef)e/ B0,
For every fixed £, all x € T satisfy x = V2t (1 + 0(1)), and thus

supPy (G°) < C(€)e~GHoM/E — (1),

xeZ
Finally, by Claim 6.2, whenever G holds, we have, using that x € T,

Rr e < Cat ___ Cat
s ST x Tmp 4y —cl

for 1-dimensional BBM WS*, coupled to R§') as in that claim. Hence, for every x € L,
Cat
d >+P@q

m;+y—ct
The proof is concluded by noticing that, because the solution to the F-KPP equation is con-
tinuous, we have the following for every fixed ¢:

Cyt
< W< )_— 1).
Ty —ct S , <m;+y o(1)

IP’X(RZ‘>mt+y)§]P>X<W€*>m,+y—

P, (mt +y—-
Thus, we have shown (6.3). [

Given this connection between the right-tail of d-dimensional branching Bessel process
and 1-dimensional BBM for large initial values, it is apparent that bounds on the right-tail
probability P(W;* > m; +r) will be instrumental to the calculations that follow. Our first such
bound comes from a result of Bramson [5], stated there in terms of the F-KPP equation and
given here in terms of BBM. Before stating the bound, we define

1
m;(1) := sup{x P(W)>x) > 5}
to be the median of W;*. Note that (cf. [5], Eq. (8.2))
©4) (1) =m, (1) + O (1)

(recalling from (1.1) that m, (1) := V2t — 2%/5 log?t).

LEMMA 6.4 ([5]6). There exists a constant C > 0 such that for all x > m;(1) + 1 and
for all t sufficiently large, we have
Ce' (0 w2

6.5 P(W'>x)<— e 2 (1 — e 20+ DG—m(D)/1y 4y,
(6.5) Wi=x)=—5 | ( )dy

COROLLARY 6.5. Fix any constant K > 0 such that |m;(1) — m;(1)| < K. There exists

a constant C > 0 such that for all w > K + 1 — 23% logt and for all t sufficiently large, we
have

3 w?
6.6 P(W* > V2t +w <Ct3/2<w+—lo t)ewﬁe%.
(6.6) ( t )— 22 g

5We note that taking yq to be —1 in the notation of [5], Proposition 8.2, gives Lemma 6.4, Prop. 8.2.
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PROOF OF COROLLARY 6.5. In the notation of Lemma 6.4, take x = V2t + w. Note
that for the assumed range of w, we have x —m;(1) > K + 1 — |m;(1) — m;(1)| > 1, so that
the conditions of Lemma 6.4 are satisfied. Furthermore,

3 3
x—m(D<w+—=1Io t+K<2(w+—10 t).

24/2

It follows from the last display, as well as the inequality 1 —x <e™* for all x € R, that

4 S3_logt
1 — e 20 HDG—m(1)/1 o (w 22 8 : forall y e [-1, 0]
J— t 9 9 M

Since x > 0 and y < 0, we also have e~~?/(21) < ¢=x*/(2)_Substituting these two bounds
into the right-hand side of (6.5) yields (6.6). [

6.2. Equivalence of barriers. Recall the time parameters 7 :=t — L (5.1), £ (5.2), and
€1 := £Y/* (5.3); and recall that y € R is fixed throughout. The main result of this subsection
is Lemma 6.6, which states that certain barrier events taking place within the interval [0, 7 — £]
are equivalent under the laws of a family Brownian bridges whose start and end points all lie
in certain windows away from the barriers in question—see Figure 7. As such, we will make
extensive use of the notation set forth in the second and third paragraphs of Section 2.4
and recall the definition of the event Bf (X.), for an interval I and process X., from (5.7).
Furthermore, we recall x(a) := V2L —a and yb) = %(t —{)+y—b forany a, b € R from
(5.4). This notation is reminiscent of the notation used in Lemmas 2.4-2.6, which will be the
key inputs in the proof of Claim 6.7 below.

LEMMA 6.6. Recall the barrier function Bo(-) from (4.38). For any fixed y € R, we have
yw) =80
]P (B[Zl,ffffel](w')) ~1

6.7) sup sl .
wee' 3,2 P (B (W) @

Note that the numerator in (6.7) is greater than or equal to the denominator.

PROOF OF LEMMA 6.6. Equation (6.7) follows immediately from Claims 6.7 and 6.8
below. [

) t—0—10 t—¢

FI1G. 7. The barrier events in Lemma 6.6: barriers in orange and black, and a Brownian bridge in purple. One
event constrains the bridge to be below the black curve on [£1,f — £ — £1] (numerator of (6.7)), and the other to
the orange region in [0, f — €] (denominator of (6.7)).
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CLAIM 6.7. Forany fixed y € R, we have

y(w)
(6.8) sup IP)X(z)t Z(B[elt — gl](W))

weltl,e7] IP>y< it By icee WD) ®
CLAIM 6.8. Forany fixed y € R, we have
y(w) =
(69) su PX(Z); Z(B[elf Z_KIJ(W.)) ~ 1.
weltl.e] IP>yg}))t (BioimgW) @

Note that the numerators of the left-hand sides of (6.8) and (6.9) are greater than or equal
to their respective denominators.

PROOF OF CLAIM 6.7. The idea of the proof is to apply Lemmas 2.4-2.6. First, note that
for any z € [L1/6, L2/3] and w € [£1/3, ¢%/3], we have

(6.10) 0.(s) < fy((z’;’) (s:7 =0 —(sA(F—t—s)*°
for all s € [£1,7 — £ — £1]. This is clear because fY( )(s r—40) > fy((lfz/g)(s r— E) for all
s € [0, f — £], and the latter expression is greater than or equal to Q. (s) + (s A (f — £ — $))2/3,

forall s € [€,7 — € —€,].7 Let £(s) _f,;‘/((z’f)(s;f—@—(sA(E—ﬁ—s))2/3.ByLemma2.5,
we have that

£y
y(w) f fw GI=0
(6.11) ]P’X(Z)t Z(B[th . 21](W)|B£ Feoy] (W))—>1 asL— oo,

uniformly over 7 — £ > 2¢1 and over w € [61/3, 62/3] and z € [L1/6, L2/3] (in fact, the left-
hand side of (6.11) is constant in w and z— see the last sentence of Lemma 2.5). Next, we
apply Lemma 2.4. In the notation of this lemma, we take

L(s) = —o0 sel0,]U[f—€—t,f—£],
" f(s) forsell;,i—€—¢],
0,011U[f —€— £y, —1],
Uy (s) = OOy(w) ) s €0, ¢4] ~[ 1 ] and
fX(Z) (s;t—¢) forsel[ly,t—L€—101],
y o0 sel0,61]U[f —€—£y,f—1],
2(8):= %(S +L)+y forsell;,i—L0—4¢],
which yields
FY
y(w) f fw G0
6.12) x(2),f— e(B[zlt — zl](W”B[e F—t—01] (W)
y(w) £ = (+L)+y
—]Px()t e(B[elr — el](W')|B[Ztl,f—e—el](W'))'
Equation (6.10) states that Q,(s) < f(s) forall s € [£1,f — £ — £1], and so (6.12) yields
Y) pf Ry i
6.13) x(2),f— e(B[e f—t—01] (W)|B[e i—t— 11](W))
y(w) 0. =i (FL)+y
- IP>X(z) I— 5(6[5175—2—51](W')|B[é1,f—€—€1](w'))

TThe statement is true for all s € [0, 7 — £], but we will only need it to hold on the smaller interval [£1, 7 — £ —£1].
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It then follows from (6.11) and (6.13) that

y(w) "Z’(+L)+y
(6.14) sup PX(z)t E(B[ﬁl —e— el](W-)) 1
wel£1/3,02/3] [[Dygu;)t E(B[e e ](W.)) (w)

Next, we are interested in applying Lemma 2.6: in its notation, we take a := =L + y,
b:=y(0),C:=K4,8:=1/3, T:=1—4£,r:={;,and L;_,(s) := %(s + L) + y. Note that
the condition in (2.20) holds with ro = 0 (since we are in the case fab (s;7— ) = L;_y(5)).

Lemma 2.6 then gives the following convergence uniformly over all z € [L'/®, L?/3] and
e [1/3, 23]

y(w) i—¢

IP)X(Z)l‘ Z(B[f —€—01] (W))
=L (+L)+y
[E]l‘ —01]

(6.15)

X(z),f—¢

Recall the definition of By(s) from (4.38), and consider ¢ and L large enough such that, for
alls e[y, f —€— 1],

log €+ Kglog(s AT — € —9)), <Ka(s n(T—¢ —s))1/3.

This implies that (s + L) + y < Bo(s) < L;_,(s) for all s € [£1,7 — £ — £;] and for all 1
and L large enough, and thus from (6.15) we see

Py : <Bwl, W)

(2),f—¢
(6.16) sup X .
13 p2/3 Y(w) LC+L)+y (U)
el O P o) i e(B[él,f—E—eIJ(W’))

Equation (6.8) then follows from (6.14) and (6.16). [

PROOF OF CLAIM 6.8. From (2.23), we have

1/3
Y e w %
(6.17) ]Px(z)t K(B[Ot el(W)) (u)T = r

Define the hitting time p :=inf{s : Wy ¢ [Q(s), %(s + L) + y]}. We wish to show that

(w) - . .
Pi=Py (o el0e)u(f—t—eni—ainB; ., , (W)

is negligible compared to the right-hand side of (6.17). From a union bound, we may write

P= Pigu;)t E({,OEI:O Z1)}{7[5[3 F—t— @1](W'))
(6.18)

y(w) ~
+PX(Z),E—Z({'OE(I_£_€1’ ]}ﬂBE e, (W.)).
For an interval / C R, a constant # € R, and a real-valued process X, define the event

S (4+L+6)+y
I

Br*(x)=B (X)NBZ T (x).

Note that, for any rq, r» € R, we have

) <+0 y(w) <= — 8 =
Prl,ffﬁfMl(BOt £0—2¢ ](W')) Px(z)t Z(B[th o— zl](W’)|W‘31 =11 Wiy, =r2).

Then, integrating the right-hand side of (6.18) over the positions | and r, of W at times ¢
and f — £ — {1, respectively, and utilizing the Markov property at times £; and 7 — £ — £, we
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find
P <pi (x().yw) ™
ﬂ(L+41)+y ﬂ([ £—L)+y W w
dry dr x(2), r1) p? LT
./ (6D fz(, ) 1drapy; (x(2) 1)P,_g_251(1 2)
<+L

(6.19) x oy (r Y2 -y o (Bl 50 (W)

(le(z) £y (10 < Z1) + PZZ(}IZ (p < Z]))

= p*

From a trivial upper bound, equation (2.11), and the fact that Z£(t — € —£1) +y —r2 < 20273,
we have

r Sl BL(+LAL)+y
Prl,ffﬁfﬂl(B[Ot - 2@](W)) r1t - 261(80t £-2¢;] (W)

6.20
(6:20) 205 B(L+€) +y —r1)

— ’

t
which holds uniformly over r| and r, in their respective ranges. Define r x :=r; — X(z) and
ra,y :=r2 — y(w). Then using the bound (6.20) in (6.19), changing variables from (ry, ) to
(r1,x, 2,y), and expanding the Gaussian densities involving rq x and r2 y yields

. EZ/3 e 7;]27_)‘
P S = pl (@)™ [ driac = ripe

621y v 2
x /w’% drayp L (e TP, (p <€) B (0 < )
w_202/3 YPi—t-2¢, X(2).41 2.4 ’
where we recall that o; := %t — /2, and define

t
ny m;
;“2=§(t,L,z)=7(L+€1)+y—X(z)=z+7€1+y+OzL

We remark that (6.21) holds uniformly over w in [¢'/3, ¢2/3] (in what follows, we always
write “uniformly in w” to mean “uniformly over w in [£!/3, £2/3]”). We proceed by examin-
ing the term

P (x@), yw) " pl o, (r1,12)
in (6.21). Consider the quantity ¢ := (f — £)/(f — £ — 2£1). Then, uniformly in w,

Pyay ) (o yw)? - (ri - r2)2>
}Kg(x(z), y(w)) W P 2(f — £ —2£y) :

(6.22)

Now, since x(z), 1 x, and 72,y are all bounded in absolute value by a constant times L33 for
all L and ¢ sufficiently large, we have

c(x(z) —y(w))® = (1 — r2)?

SLY 4 (e — Dy(w)? +2y(w) (r1x — ray + (1 — OX(2)),
uniformly in w. It follows from equations (6.22) and (6.23) that

(6.23)

6.24) P;WE 204 (r1,7m2) <ex ((C — Dy(w)? + 2y(w) (ry x — ry+ (11— c)x(z)))’

Py ,(x(2), y(w)) @) 2(f —€—2¢1)
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uniformly in w. Note that y(w) = ﬁ(f— £—2¢1)(1+ f1), where f1 := fi1(¢, L, w) satisfies

sup  f1 <t logr.
welel3.e23] (W

This expression for y(w) and (6.24), along with the relation ¢ — 1 =241 (f — £ — 20171, gives

r,
pt = 251(1 ) < 2@1+«/§r2y frlx

sup
welel/3, e2/3]p ,(x(2), yw)) @

(6.25)

Substituting (6.25) into (6.21) and then completing the square
(r F+/201)?
— :|: =0 -
20, Var = 201
gives the following estimate uniformly over w:

033640 (ry V20>

¢ _
/ drix(¢ —rix)e 24
7—2L2%/3

/w——él _('Z,y*\ﬁel)2

P* <
t
(6.26) w

w—262/3 dra.ye (P (0 <0+ sz( E)l (b <t1)),

/3

Note that, uniformly over ri x € [— V20, — 82 V20, + Z%/a], we have ¢ —ry x ~u)z. It

follows from Gaussian integration that

6.27 ; SR /2 and
. — 1 ~ ,  an
( ) /;—2L2/3(§ rix)e rl,x(u)Z 1

w—m—lE] 7(’2,y_\/§[1)
(6.28) / T T dny ~

w—2¢2/3 (W)
Writing the right-hand side of (6.26) as a sum of two terms, applying (6.27) — (6.28), and
then applying the trivial bound £%/ 3K}/ 2 < e for L large enough yields

(6.29) P* <Pl + P35,
(w)
uniformly in w, where
et e _M RIS
Pl = ) e (¢ —rixe 26 x(z) o (p<Lydrix= . e J1dry x,

5¢1 w—"ep (rp —ﬁ[l) 5¢, w—"1p
ze pel T2y Yo ze r ol
Py = / e T P (o< t)dry= / Jadray.
t Ju-2en t Juoen

The idea for bounding P} and P; will be the same. Deep enough into the tails of the Gaus-
sian terms, the exponential decay will kill the ¢>*! prefactor, and so we may simply upper
bound the hitting probability by 1. Outside of these “deep tails”, the hitting probabilities will
dominate, providing sufficient exponential decay so that the Gaussian term may be upper
bounded by 1.

We begin with the computations for P}’. Consider the intervals

T = [Z _ L2/3 «/_E 1/10] U [C _ Ll/lO’ 4_]’
Ty = (=20 — LV10 ¢ — L1/10),
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On T, which has length [Z;] <y, L?/3, we use the following bounds for all L and ¢ suffi-
ciently large:

23 _aa s
¢ —rix 4L, e 1 <e M <e o Pl (p<€)<1.
This yields
5¢1 4/3
(6.30) e J1drix < L eSEI—Ll/lo 51 L1/11’
bJn W ! W !

since £1 = £/ < L1/2*_ On T,, we find exponential decay of the hitting probability as fol-
lows. Consider the hitting times

12 ::inf{s W, > %(s +1L) —i—y} and p, :=inf{s : Wy < Q,(0)},
from which we obtain the union bound

(6.31) IP)Fril(z),& (p<ty) = PQ(Z),& (p1 <€)+ HD:(l(z),ffl (Bl <ty
We use (2.10) to compute the hitting probabilities on the right-hand side of (6.31):
209 L+ y —x(@)(F(L+ L) +y — r1)>

X(z) el(pl <) = exp(

(6.32) 4
' _ ( 22(¢ — rl,x))
NCXp _ ],
(W) 4
_ _2(x(z) = Q:(0)(r1 — 2:(0))
X(Z) Kl(pl < {1) =exp 0

6.33

(39 2L (ry x4 2123 — 2)
= exp(— £ )

Note that on 7, we have L'/10 < ¢ — r| , from which (6.31)-(6.33) yield

_ _ 1/10 _71/10
P, bl <tn~ X(Z),Zl(pl <)) SeH=LT b <L
(w) (u)

Also on 7, which has length |7Z5| <(u) L?/3, we have C—rix ( = L33 1t follows from
bounding the Gaussian term by 1 and the last display that

5t 4/3

(6.34) Z Jidrix < LY eszlle/IO §l Ll/ll’
tJn W ! !

from which (6.30) and (6.34) yield

(6.35) Pi < 1 _Ll/ll

(U)

We next turn our attention to bounding P5 in a similar fashion. P; depends on w, but it
is easily seen from the calculations that follow that all of our estimates are uniform over w;
thus, we do not mention this uniformity any longer. This time, consider the following regions:

Ty = [w — 2643, 2V20, U [4v2€1, w — (m, /1) 1],
Ts == (—23/201,4V2¢)).



THE MAXIMUM OF BBM IN R? 1551

On Zy, which has length [Z4] <) £%/3, we have

(r2,y7‘/§£l)2

e <, PWp<sl,
which yields
5¢4
(6.36) i Jadryy < St
t T4 t

On Zs, we find exponential decay of the hitting probability as in Z. Consider the hitting times
02 :=inf{s W, > ?(s +1—£—4) ~|—y}, and
0, =inf{s: Wy < Q. —€—£))}.

A union bound gives

6.37) P (0 <€) < Pryt, (B2 < 1) + Brye, (p, < £1).
From (2.10), we find

2w =201 —ryw
Pfif’éi(ﬁzdozexp(—( L0 )

4y
(6.38)
( 2013w — Mgy — rz,y))
<exp|—
£
2ryy — w + 202/3) (263 + w)
]P)ZZ(ué)l (p, <t1) =€XP(— : 2 )
(6.39)
( 4035 (ryy —w + 252/3)>
<exp|— 7 .
1

On Zs, rpy <) £1, so that the right-hand side of (6.38) dominates the right-hand side of
(6.39). It also follows w — "71’61 —ryy>w/2forall ryeZs, we [¢1/3,¢2/3], and L and ¢
sufficiently large. Thus,

— /3 _pl/3
B (o< ) ~ B oy < t) Se T S et
’ @ = @) )

From the previous display and bounding the Gaussian term in J, by 1, we have

5¢;
e ~ Z B _ 7 _
(6.40) — | Jadry SZNTET <2l
rJis OX OX

Together, (6.36) and (6.40) imply that

ze

5¢4
Z
(6.41) Pi< f Trdray < Seb.
(W Iy W !

Now, from (6.19), (6.29), (6.35), and (6.41), we find that
(6.42) sup P <P ie,
wel€!3,023] ()
It follows from (6.17) that

(6.43) sup P

el e B W

=o0u(1),

where we recall the o, notation from Section 3.1. Equation (6.9) follows. [
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6.3. Proof of Lemma 5.1. We begin with the many-to-one lemma: for any branching
Bessel particle v € N;_,, we have

(6.44) Ex[Trid=e"'P 5, (FL.i(v).
For brevity, we will write

B t
P =By g (R) 0| &Y, > 1.

Jd

so that Fy ;(v) = F L.:(v) N Ty(v). Using the tower property of conditional expectation and
the Markov property of the Bessel process, we may rewrite the probability on the right-hand
side of (6.44) as

645 E 5 (1, ElswlFid] =E g (17 wPre, (RE > m+y)],

where R* denotes an independent d-dimensional branching Bessel process. We next apply
the Girsanov transform (2.7). Define the event

~ ~ t
Fr,:={W;>0,Vse€[0,7— ]}mB[m é](W)ﬂ{ i E>ﬁ}.
Then substituting (6.45) into (6.44) and then applying the Girsanov transform gives

Ex)[T'z (]

x(2)

Since d > 3, we have g — ocfi < 0; thus, the exp(-) term in the previous display is bounded
above by 1. We also use the upper bound 1y ¢ se[0.7—¢)) < L(w;_,>0}- Then from the right-
hand side of (6.46), we obtain the following expression by integrating over w :=y(W;_,) €
[—log¥, y(ﬁ)] (recall the definition of y(-) from (5.4): w is the distance of W;_, below

A f—¢ oy — o2
) exp(/o w2 ‘ ds)]lﬁL,tPWf—z (R} > m; + y)]

N

%(t — £) + y) and applying the Markov property at time 7 — £:

. y(2=)
BTl = & [* 70 (). v (S ) B Bl )

—logt ( )
(6.47) X Pyqu) (R} > m; +y)dw
z y(-=
— o™ / v @, 1 - (w)dw.
—log?
Thus, to prove (5.12), it suffices to show
- y(f
(6.48) T )b ~ B [Ar )]
“log

We proceed with Claims 6.9 and 6.10, which show that the integral of ® over w ¢ [£!/3, ¢2/3]
in equation (6.47) is negligible compared to the integral over w € [£!/3, £2/3].

CLAIM 6.9. Recall My ; from (3.4). We have

o YD
e 023 ®; 1. (w)dw
My .

(6.49) =o0,(1).
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PROOF OF CLAIM 6.9. We first handle the integral of ®; ; .(w) over w in the interval
(113, y(4= )] For this integral, we may take cruder, simpler estimates.

Expandmg the Gaussian term in (6.47) gives

- w? (y+z+cglogt)w
(6 50) ptWE( (Z) y(w)) \/l_t—ad-l—le—t+€e—(z+y)ﬁewﬁe—2(;_5)e b) iilz g
=: Ty,

where we recall the definition of ¢4 from (1.1). From the bounds oy > 0, w < 2(f — £) for all
t sufficiently larger than £, and ¢~ < 1 for all @ > 0, we have
(651) Tg < 622t1+ztde*£+€ew\/§.
(w)
Next, from (6.1), we find

m;

(6.52) Py (RE > m; +y) < Cge™ V2! L

(recall o; := % —V2). Finally, substituting the bounds in (6.51) and (6.52) into (6.47) and

upper bounding the barrier probability Pig;‘})) (B[O i—¢) (W) by 1 yields the following:

t
g Y(ﬁ)

t
e s @ (w)dw 23 B Y3 w2
L Se“ 1 H2cd, IM/ VAT gmonw =57y
mL,Z (u) t1/3

12/3
S [5€_t+2_7 — Ou(l)
()
where § := §(d) denotes a positive constant depending only on d.

We now handle the integral over w € [€2/3,¢1/3]. For w € [— 10g€,t1/3], the terms in
®; 1. (w) simplify greatly (we consider this larger interval of w than what is addressed in
the claim because the estimates that follow will be used again later). From (6.50), we have
that, uniformly over w € [—log ¢, t'/3],

(6.53) Pi_ g(X(Z) y(w)) )«/1_ e = O — g)=eatl e~ ETNV2,uv2

We also have

(6.54) y(w) ~ V2,

uniformly over w € [—log £, t'/3]. From (2.22), the following estimate holds uniformly over
e[—logt, t1/3]:

y( ) y(w)
IP>x(;U)( [0,i— z](W))<Px(;U) (B[lt — 1](W))

y(w) L(-+L)+y+logl
(6.55) @Px(z) (B[i f—0—1] (W'))

2z(l +w+ logf)
® )
Now, substituting (6.53), (6.54), and (6.55) into (6.47) yields
¢t d, L (w)

(6.56) — S+t log )"~ 2Py (R} > my + ),
<
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uniformly over w € [—log¥, 1/3]. Now, note that uniformly over w € [¢2/3 ¢1/3], we have
(14w +1logl) ~q w and e~ %" ~( 1. It then follows from (6.52) and the previous display
that, uniformly over w € [—log ¥, !/ 3’], we have

—t 2
¢ OnLaW) -5
mL,z (u)
Thus,
(3, 1/3
e, (w)dw ! w? -
Jer 542 < we 20 dw Se PR, (D
My () J €373 (W

This concludes the proof of the claim. [J

CLAIM 6.10. We have

b El/3
e [ joge Pr.L. o (w) dw

(6.57) o =0,(1).
L,z
On the other hand,
) £2/3 I+ay 2/3
d d 272 ¢
(6.58) ¢ e Prrz(w)dw ~ u)ew*/E]P’(Wlfk > V20 + w)dw =< 1.

My . W T Jos (u)

PROOF OF CLAIM 6.10. Recall (6.56), and note that, uniformly over w € [—log¥¢, 23],
Corollary 6.3 applies. Then substitute (6.2) into (6.56) to find that, uniformly over w €
[—log¥, £2/3], we have

ef_ZCDt,L,z(w)
My .

Now, for each fixed ¢, the continuity of the F-KPP equation (see Section 6.1) gives

(x)(l +w+ logﬁ)ewﬁ]P’(W; > ?E + w).
u

‘]P’(WZ‘ > %E + w) —P(W} > V20 + w)‘ =o(1),
and so the last display gives

elizq)t,L,z(w)

(6.59)
M .

=(+w log £)e"V2P(W} > /20 + w) + 0, (1),
u

uniformly over w € [—log¥, 22/3], where the o, (1) term may be bounded in absolute value
by (023 + logﬁ)zegmﬁﬂot. Now, integrating both sides of (6.59) over w € [—log¥, Y3
and then applying the bound on P(Wy+ > +/2¢ 4+ w) from (6.6) yields

E1/3

3 e
f—logle th,L,z(w)deE_g/'
(w)

3
(1+w +log€)(w n —10g€> dw < 072,
m[‘,z —lOg(Z

2\/5 (u)
from which (6.57) follows.
We next consider the range w € [£!'/3,¢%/3]. As a consequence of Lemma 6.6 and

the Brownian ballot estimate (2.11), we have the following relation uniformly over w €
[51/3’ 62/3]3

yw) B0 N 27w
(6.60) IP)x(z),f—e (B[O’[_e](w.)) wi—2¢
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Over this range of w, (6.60) replaces (6.55), which is a less precise estimate, and there-
fore (6.60) gives a more precise version of (6.56). Indeed, substituting (6.2), (6.53), (6.54),
and (6.60) into the definition of ®; 1 .(w) (6.47) yields

I+ay

dto,  (w) 277
My . W /7

(6.61) weV2P(Wi > 20 + w)

from which we ﬁnd

oy 2/3
e 51/3 (Dth(w)dw 272 e

My . W Vo Jos
This gives the left asymptotic relation in (6.58).

It remains to show the integral on the right-hand above is asymptotically equivalent to a
constant. For the lower-bound, note that for any £ > 1 and w € [1, 012 - %ﬁ log ¢],

(6.62) wew*/zIP’(Wék > 20 + w)dw

3
P(WF > V20 +w zce—3/2<w+—1o z)e—wﬁ,
( ¢ ) 2\/5 g

where C > 0 1s a constant depending only on d. This follows from writing /2¢ + w as
me(l) +w + 3 f log ¢ and applying the lower bound of the d = 1 version of (1.3), where in

the notation of (1.3) wetake r =¢ and y = w + 235 log £. It follows that, for all £ > 1,

023 02— 3 _logt

/1/3 wewﬁIP’(W; > V20 4+ w)dw > Ce3? /1/3 i w?dw > C >0,
4 12

where here and in the rest of the proof of this claim, C denotes a positive constant varying
from occurrence to occurrence. For the upper bound, we use Corollary 6.5, which states for
all w e [¢!/3, £2/3] and for all ¢ sufficiently large, we have

k 3 w?
P(WE > V20 +w) < CE_% (w 4+ ——1Io E)e_wﬁe_ﬁ.
(W¢ ) 22 g
It follows that for all ¢ sufficiently large,

02/3 ¢2/3 2

/1/3 wewﬁP(Wé“ > /20 + w)dw < ce3 fm w2e™ T < C.
£/ 01/

Thus, we have shown
52/3
(6.63) /e L, weB(WE = 2+ w)dw < 1.

(w)
Now, (6.62) and (6.63) imply that
~ 52/3
e’_Z/ ®; 1 (w)dw <My 4,
(w)

¢1/3

which gives the right asymptotic relation in (6.58). [

From Claims 6.9 and 6.10, it follows that

R v o (70
e~ / CD,LZ(w)dw~e ;1 (w)dw
—log?¢ (w) 21/3 o
B 023 aq
_ 1L Y( )

W BB
X Foi-eBoi-aW)) y(w)(Rz > m; +y) dw.
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A consequence of Lemma 6.6 is that, uniformly over w € [£!/3, £2/3], we have

y(w) y(w)
Px(z)l e( [Ot L’](W))() x(z),f— e( [0,f— e](W))

Thus, the last three displays give

= y(4=
el / v P (w)dw
—logt

02/3 o
it w y(w)) d
w° /em Pi- (X, y(w))( (2)

(w)
I[Di(;u)t Z( [0,7—¢] (W)) Y(w)(RZF>mt+y)dw

from which, by the Markov property, we find the right-hand side equal to

- W~_ od
(6.65) ¢ By [(ﬁ) 1g, Pw, (Ry >m + y)],

where we define
Gr. =BG W) N {y(Wi_yp) € [¢'7, 2]},

From (5.6), we have

i~loy —a3
ex ds )~ 1.
p(fo w2 )(u)

N

=, Y(=)
We then have from (6.65) that ¢’ =¢ |~ 18/55 @, 1 (w)dw ~y)

- W:_,\% —t g — a?
e éIEX(Z)K x(tz) ) exp(/(; Td ds)]l@LJIPWf_[(RE‘ > m; + y)]

N

We may now apply the Girsanov transform (2.7), as in the “reverse” direction of (6.46), to
the above display. On the event B[%j_e](W.), we have 1y _ o vseqo.7—¢)y = 1, and so (2.7) and
the above display gives

- Y7
(6.66) ot ) CD, L.z (w)dw (’\*)e Ex(z) []lGL.t(U)IP)REU)Z (R} >m;+y)].
—log ' -

for any branching Bessel particle v € N;_,, where
A R ) 1/3 42/3
GrL() =BG (R™)N{y(R") e [¢'7, 7).

We then have, from the Markov property and the many-to-one lemma (similar to (6.45) and
(6.44), respectively)

v
/ @ L) dw ~ Bxo AL
—logt

which is exactly (6.48). Thus, we have shown (5.12). Equation (5.13) then follows from the
last display, the first line of (6.64), and (6.58).
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7. Proof of Lemma 5.2: A second moment analysis. In this section, we prove
Lemma 5.2 for all d > 2.

PROOF OF LEMMA 5.2. Recall (5.4). From the many-to-two lemma (2.5), we have

_ _ -0 .
(71) Ex(z) [Ai,t] = Ex(z)[AL,t] + 2/(.) el_z_HPX(Z)(GL,;(U) N GL?Z(U/)) dS,

where, for each s on the right-hand side, v and v’ denote two particles in J\f;, ¢ that split from
a single particle at time j; :=7 — £ — s. In light of Lemma 5.1, it suffices to show that

fg—é 657£+S]IDX(Z)(GLJ(U) NGr,(v))ds
mL,z

(7.2) =0,(1).

Fix s € (0,7 — ¢) and fix two particles v and v" € N;_, that split from a single particle at time
Js. Then

Py (GL (V) NG (V)

(7.3) =Ex<z>[ 1‘[ 1,

<">)m{y<R,5w§)e[el/3,422/31}ﬂsz<u»}
wefv,v'}

[0,7— (](R

_ ()
= Ex[1, (R<“>)E[ B i z](R(”)ﬂTz(v)'R 1)
where
Ef}s,f—a(x-) = BE_SJ_Z](X.) Ny (X;_,) € [€'3, 623},

for a real-valued process X : [0, c0) — R. We now apply the Girsanov transform to (7.3) to
replace the Bessel process (R(U)),e[o j;1 With a Brownian motion (W, ),[o, j,]- Note that the

indicator function in (2.7) is equal to 1 on the event B" ](R(U ); further, the exponential
term in (2.7) is bounded above by a constant depending only ond foralls >0and ¢, ¢ > 0.
Thus, we find from (7.3) that

W, \%
(7.4) ]P)x(z)(GL,t(v) ﬂGL,;( )):)Ex(z)[< (é)) ﬂB[%,jS](W-)E[g(st)]Z]v

uniformly over s, where

Y e ) .
g(WJs) = E[H{E[ i [J(R(U))QT((U)}|R st]

Applying the Markov property at time 7 — £ allows us to express g(W;,) as

E[1. P o (RE>m, —|—y)|R(”) W]

(v) (v)
B, iR R

As before, we apply the Girsanov transform to replace the Bessel process (R(U))re[ s =]
with a Brownian motion (W, ),e [j,.i—¢) satisfying WJ = Wj,. By the Markov property, the

process (Wr)re L, i—) With WJ = Wj, is stochastically equlvalent to (Wr),¢(j,,i—¢)> and so
the Girsanov transform (2.7) yields

W:) ~ . ) - a
ot (w) st B i—g(W) Wi_ [\ g > My Ty Js
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uniformly over s > 0 and W , where, as before, we have used that on BES’;_Z](W.), the
indicator function and the exponential factor in (2.7) are both ~ ) 1 (see (5.6)). From the last
display and (7.4), we have

(7.5) Py)(GL,/(v) NG (V) S Ex)[Y1(5)].
(u)
where
L o\« _ «, N 12
Ti(s) == (x(z)Wj,) "]13[6’“](W')E[Wf_dz]lg[vm__a(W')}P’W;_K (R} >m;+y) W]

Define y(w) := %( Jjs+L)+y—wfor w e R. Recall (5.5). Then expanding the right-hand
side of (7.5) by integrating over the position of wy :=y; (W) gives

Vs (Qz(js))
(1.6) B[] = | ED () EQ (w,) du,
0
where
(7.7) ED (wy) 1= plf (x(2). y5 () (X(@)¥s () Y5 (B ;.1 (W.)
and

(7.8) E® (wy) :=E[W 1

* _ 2
—¢ E[ﬁjsjf(](w-)owfz (Re > my + )’)|Ws - yS (ws)] .

We will estimate Ex(,)[ Y (s)] separately on three different intervals of s: (0, 0237, 1023, —
€ — €3], and [f — € — €%/3, 7 — £). Before specifying any particular range of s, we provide
some general estimates.

Note that for w; in the range of integration in (7.7), we have

(7.9) ys(ws) < js + L,
(w)

uniformly over s and w; (in what follows, we write “uniformly over w;” to imply “uniformly
over wy € [0, ys(Q;(js))]). We can bound Es(l) (ws) from above by replacing the barrier event

_mi .
with the strictly larger event B[(’)’HL)H(W.). Uniformly over s and wg, we have from (2.10)
that ‘
¥s (ws) <= W (Z + y)
(7.10) IP’X(Z)JS (B[O,js](W')) (%) 7}& .

We may then expand the Gaussian density in the right-hand side of (7.7) and apply the esti-
mates (7.9) and (7.10) to find

_3 1,meN2 s _ (ws—(z4+y))?
(7.11) ED () SNy, (s + L) j; 2em2CF iy ewsV2e™ 2
(C))
uniformly over s and w,. Towards an upper bound on E 3(2) (wys), we begin with the inequality

1ge =T miiny :

Bliei-a W) = 2 £ Nty (W) el 2. e23)

Integrating over the position of wy, :=y(W;_,) and applying the Markov property at time j
yields that E S(z)(ws) 1s at most

er mg ,
——7 (+L+js)+
(7.12) /61/3 Py (vs(ws), Y(we))Y(we)“"]P’ﬁlfufi)’s(B[(’)’s] W )

X Pywy) (Rf > m; + y) dwy.
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In what follows, we write “uniformly over w¢” to mean “uniformly over w, € [¢1/3 ¢2/31>
From (2.10), we have
BL(AL4js)+y

(7.13) PG (B, (W.)) 5
u

WsWy

uniformly over s, wy, and ws. From Corollary 6.3, we have
* * my;
IEDy(wz)(Re >m; + y) (':)P<Wg > Tﬁ + wg>,

uniformly over wy, and thus

(7.14) Pycwy) (R} > my +y) (N)IP(W,Z* > /20 + wy),
u

uniformly over wy. By plugging (2.10) and (7.14) in (7.12), along with the estimate
y(w¢) <) t, which of course holds uniformly over wg, we can infer that

g 32/3
(7.15)  E@(wy) <! w/

. wep (ys(ws), y(we)\P(W; > /2 4 wy) dwy,
(u)

1/3

uniformly over s and wy. Note wy <) we + === f log £ uniformly over wy, and thus expanding
the Gaussian density in equation (7.15) and substituting equation (6.6) yield

1 mey2 e
—2(F5)%s 3 2 2
e 2\t w (ws — u)
(7.16) E® (wy) < i 1%we” wf/ e e duy
‘ () £253/2 173
1 omg\2
_ Ly
e 2\t
(7.17) < Tt“dwse—wsﬁ,
w S

uniformly over s and w;, where in the last line we have applied the trivial upper bound
(ws—w )2

e~ <1 and then approximated (in the sense of <(y)) the resulting Gaussian integral

as £3/2. Now, bound the right-hand side of (7.11) from above by taking the trivial upper bound

 (ws—(z+y))?

e 2Js < 1, and then substitute this bound and (7.17) into (7.6). This yields

Exo[T1()]

2 o (0-(i.
1 myN\2 5 t d _ ¥s(Qz(s))
<My e 2 (I_HS)(—. ) (s%Js) 3/2/ wge_wSﬁdws.
() Js+L 0

Since

(7.18) — 5 (2T —tts) o p=(—t+s) ;53— ,— “F logt 3 } log!

e ez
(u)

the second-to-last display becomes

~ ‘ t%d t3/2t35/(2t) ¥s(Qz(Js))
(7.19) <My e T — . / wie™ 2 dug
® (Js + Lyxareas/t (j)3/2s3 Jo ‘
t3/2t3s/(2’) tod
()32 (s + Lyeareas/?

~ oy et
(w) '
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uniformly over s. Note that uniformly over s > 1, we have

3s/(2t) oq
t < 1 t

7.20 —— < —+ and <.
( ) s3 (’l\;)s3/2 (,]s +L)(xdtads/t ™

Applying the bounds in the last display to (7.19) yields the following, uniformly over s > 1:

(372
(sjs)3/?

(7.21) Ex(z)[Tl (S)] S QﬁL’Ze_([_E_H)
(w)

=: 732(5).

This estimate will be used for the second interval of s, that is, [¢%/3,7 — ¢ — £2/3].
For s € [ — £ — ¢*/3,7 — ¢), we may employ a simpler bound on E{" (w,) by upper
bounding the barrier probability in (7.10) by 1. Then, instead of (7.11), we have the following:

wy—(z 2
(7.22) E(l)(ws) Sz lmL s+ L) %) 1/2 —3 (¢ )zhewv\/— w
W

uniformly over s € [f — £ — £%/3,f — £) and wy. Substituting (7.17) and (7.22) into (7.6) yields

Ex[T1(s)]
m B 2 7]
i;QnLJZ—le—;(tfﬂu—¢+s)( ! ) s3I
(u) Js+L

¥s(Q:(js) _ (ws—+y)?
X / wsze_‘/zwf e 2is dwy.
0

Since w; e~V2us g uniformly bounded over w; and s, the integral over w;, (including the
js_l/ 2 prefactor) is also bounded over all s by Gaussian integration. We may then apply the

estimates in (7.18) and (7.20) to find

(7.23) Exo)[Y1(5)] S Mp ez~ = Pa(s),
(u)

uniformly over s € [f — £ — ¢%/3,7 — ).
For s € (0, £2/3], we employ a simpler bound on E §2)(ws) by upper bounding the barrier
probability in (7.13) by 1. Then, instead of (7.17), we have

023 2 2
3 1 mygy\2 1 w (ws—wp)
E® (wy) < e72e7200) St“de_wsﬁ(s_i /m wee He T dwe)
K 3
(7.24) @)
<g—ge—§( s potd = ws/2
(11)

uniformly over s € (0, 02/3] and w. Substituting (7.11) and (7.24) into (7.6) and applying
(7.18) and (7.20) as before yields

(7.25) Ex(o)[ Y11 <My e 05076 = Py (s).
(u)
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uniformly over s € (0, £%/3]. Now, from (7.5), we find

JIt =Py (G () N G L (V) ds

My -
£2/3 elT—Z—l-SP (S) ds +ff—€—€2/3 ef—f—l—sp (S) ds +/f—€ ef—f-i—sp (S) ds
(7.26) < Jo 1 02/3 2 F—0—g2/3 3
(rl\lj) SmL,z
2/3 )—5/6 R 32 1 1/6 1/3 1 1/6
<P e0 4 stz SeVO 4718 g7t < Vs,
() £2/3 (sjs) () (u)

This gives (7.2), which concludes the proof. [

8. The two-dimensional case. Throughout Sections 4 and 6, we assumed d > 3. Then,
oy — aﬁ < 0, and thus whenever we applied the Girsanov transform (2.7), the exp(-) factor
could be bounded above by 1. This was the only situation in which we used the d > 3 as-
sumption. In the d = 2 case, this exponential factor in (2.7) is handled by Proposition 8.2
below, which shows that the probability that there exists a particle in V; that reaches height
m;(2) + y after falling, at some s € [L, t], below a line L£(-) of fixed, small slope is o0, (1)
(recall (1.1) and Section 3.1 for notation); then, the exponential Girsanov term becomes
exp((ag — a3) [1 Lu)~2/2du) ~q 1.

For each t > 0 and v € NV;, couple R,(v) with a two-dimensional Brownian motion W,(v) =
WD W) such that R™Y = W ||. We will prove Proposition 8.2 by studying the
behavior of Wt(v’ D and W,(v’z). Indeed, the following result (Lemma 8.1, depicted in Figure 8)
provides a crucial bound on the probability that a single coordinate is too low on a discrete
set of times.

LEMMA 8.1. Define the interval Iy, ;—1):=[L,t — 1]+t — 1 — |t — 1] (this is the set
{t =1 —=2Z}N[L,t —1]). There exists a constant b € (0, 1) such that for any y € R,

IP’(U U W,fv’l)e[O,bk],W,("’l)>mt—-;y,Rt(”)>mt+y}>

(8.1) veN; keliL 1) V2

=o0,(1).

TV L kk+1 t

FI1G. 8. An event in the union in Lemma 8.1: a one-dimensional Brownian motion WS(U’ b (purple) dips below
the line L(s) = bs (black) at some point on [k, k + 1], for k € [L, t], while still ending above (m; + y)/«/z at
time t.
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PROPOSITION 8.2. Let b be the constant from Lemma 8.1. For all y € R,

(8.2) ( U U {R<U>< —bs, R()>mt+y}>=0u(1).

se[L,t]veN;

Proposition 8.2 implies that throughout Section 4, it suffices to consider (branching) Bessel
particles that stay above L(s) := bs on [L, t], and that in Section 6, it suffices to consider
particles that stay above £(s + L) on [0, 7]. Thus, the exp(-) factor in (2.7) is ~) 1, and we
can carry out the work in these sections essentially in the same way as for d > 3. We conclude
by proving first the proposition, then the lemma.

PROOF OF PROPOSITION 8.2. Set b := b/2. Note that for any 0 < s < ¢ and for any
veMN,

P({R™ <bs, R" > m; +y}) <IP>( U #i ) <2P(H1)
ie{1,2}
where
my+y

Hi = {\W}”’”\ <bs, W] > 7

,Rt(v) > m; —I—y},

and in turn,

(8.3) P(H1)§4]P>( U U {ngv”e[o, 6],Wt<v">>M,R;v>>mt+y}),
se[L,t]veN; \/5

where the inequality is by a union-bound and the reflection principle bound the above. For
each s € Ij; ,—1) we may increase the event {Ws(v’l) e [0, [_Js]} to {WS(U’I) € [0, bs]} and use
Lemma 8.1 followed by a union-bound to conclude that the right-hand of (8.3) is at most
84 o(D+4 Y IP( U { min WD <bk + 1)} n N {w""> j}).

kEI[L t—1] VE SE[k k+l] ‘/E{k k+1}

For each k, the event in the probablhty in the right-hand of (8.4) only considers the process on
the time interval [0, kK + 1], whence the union over the particles v € N; is equivalent to a union
over v € Ni+1. As usual, a union bound along with the many-to-one lemma (Lemma 2.1)
imply that the expression in (8.4) bounded above by

)1 :
keliL -1 Jjelk k+1}

< ()u(l) 44 Z k+1]P)k’+1<v2[lénl] W(v 1) < b(k + 1))
kGI[L,t 1]

From the Brownian ballot theorem (2.10), the last line of the last display is equal to
0u(1)+8 Z oK1 p=2((1=B)k(k+1)=2b(1—b) (k+1)) _ ou(1).
kGIlL.,_“
Thus, we have (8.2). [

PROOF OF LEMMA 8.1. In what follows, we write m; := m; + y for brevity; oftentimes,
terms involving y are bounded above by a constant. For v € ; and k € Ij ;—1j, define the
event

Dip, (v) —{ w0, bk, WD > =L RW > ,},

ﬁ
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in terms of which we aim to show that }P’(Ukel[“_l] Uyen; Dipg(v)) = 0, (1). Via union
bound, it suffices to show, fori € {1, 2},

(8.5) IP’(U U Dipi(v)):ou(l),
UEM/{GI[L’;_H

where
my
NG

Dip} (v) := {W"" e [0, bk], WP > m, — 1}.

Dip,i(v)::{W,f”’l)e[o,bk],Wt(”’l)e( ,m,—1],R§”)>m,}, and

We begin by showing (8.5) for i = 1. As usual, a union bound and the many-to-one lemma
(Lemma 2.1) yield

(8.6) ]P(U U Dip}((v)>§e’ > P(Dip;(v)).

veN,; kel 1~ kel i~

Let us now study P(Dip; (v)). Integrating over Wk(v’l) and w, .= WD — %, applying the

Markov property at times k and ¢, and applying the symmetry relation IP’(th(v’z) | >x) =
2P(W,""? > x) for any x > 0 gives

bk
P(Dip; (v)) = 2¢' /0 dwi p}Y (0, wy)

(1=Lym,—1
V2 w my
8.7 x/ dw _(w,—+w>
( ) 0 tp[ k k ﬁ t

(= o= ()
X p > = —=+w .
V2

Expanding the last two terms in the integrand of (8.7) gives

m
pfzk(wk, T wt)

_ - (t — 3 logt + (w; — wp))?

(8.8) @(271(; — k) exp(— =5 )
_ -1 tlogt — 12 wt2 logt — 2(k — wy)
@ —h) e"p( - 20—k T 20-n w’)’

uniformly over w; and wg, where in the last line we have used

. (_%(logt)2+w%+wklogt> <1
2(t — k) -

as well as

(w2 ot~ (o))
t > T Wy
V2

(8.9) |
(- spee) it
N — —= M — Wy e e .,
W V2
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Since

t2 t w? w? kt
8.10 LW —’) < (—t— )
(8.10) eXp( -k 2 20—k 2:)=P 20— k)

we have the crude bound

2
(v,2) my w my
N T B (e
< . t+311‘o(§tk)2kr
W
(we have taken w; < t/2 and bounded several terms with negative exponent by 1). Then for
k > 6logt, we have IP’(Dlpk(v)) ) t=>/*¢~" uniformly over such , so that

(8.11)

~(u
(812) el Z ]P’(D]pllc(v)) S t71/4'
kel —nNi6logt,t—1] ()

We now turn our attention to the sum over k < 6log¢ of P(Dip}( (v)). Over this range of k, we

have - =1+ 0(10g 1), and so from (8.8)~(8.10), we find that P(Dip} (v)) is asymptotically
bounded above (in the sense of <), uniformly over k < 6log?) by

logt—2k

1 w
_ Lk (1——2)m[—1 e 2(t k) t bk wy Wy
t7le72 A 2 \/ ] A pZV(O, wi)e =k dwy dw;
(I ——)my —wy)
NG
logr—2k kw?
1 —t-% U—%)m—l e 2070 Vi
=t e ' 2
0 1
\/(1 - ﬁ)mt — wy)
bk (wk kg 2
(\/_/‘ dwk)dw;

(8.13)

t(logt k2
<t_1exp( t——+ (Og)+ )

& At —k) ' 8(t — k)2

(1—LHm—1 1

X 2 dw,
0 (= Jome =)

t %e_t_%k,

W)
where in moving from the first to the second line, we have expanded the Gaussian density

p,fv and completed the square in the exponent of e; and in moving from the second to the
third line, we have bounded the parenthetical expression by 1 and bounded w; by ¢/2. Thus,

(8.14) el > P(Dip) (v)) <1~ /4e 3L,
keljz - NIL,6log1] W

Combining (8.12) and (8.14) yields (8.5) fori = 1.
It remains to consider i = 2. In this case, when k < log?, we will make use of a barrier
event to add decay. Recall the barrier B(s) := B;(s) from (4.1). We will make use of

Bu(s) = ~/2s + C4log(s A (t —s)), +logL
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(the same argument would work using B3(s), but it will be convenient that m;(4) has no log¢
term since ¢4 = 0). Lemma 4.2 holds (in particular) for a four-dimensional Bessel process,
and thus by coupling WS(U’ D as a coordinate of a four-dimensional Brownian motion, (4.10)
gives

(8.15) IP( U U {wehs> B4(s)}}) = 0,(1).
se[L,t] veNs

Hence,

(8.16) Py U Dip,%(v)) <I+I+o0,(1),
veN; kel —1

where

I:= IP’( U U Dip,%(v)), and

veN,; kel —N[Slogt,t—1]
. —B
m:=r(J U Dipz (v) mB[f,t](W@v‘))).
UEM kEI[L’[,l]ﬁ[L,SIOgt]
We begin by showing I = 0,(1). Union bounds and the many-to-one lemma (Lemma 2.1)
give

(8.17) I< > ¢'P(Dipz (v)).
kel ;—nN[5logt,t—1]

Let us now examine P(Dip%(v)). By integrating over Wy and applying the Markov property
at time k, we find

bk
(8.18) ]P’(Dip,%(v)) :/0 p,fV(O, Wi ) Py, (Wi—g > m; — 1) dwy.
Consider the bound
Pwk(Wt—k >m; — 1)
12 12 1
< - ——(———=logr — -1
_exp( - t—k< ﬁog Wi +y ))
k

= texp(—t + ﬁwk — ﬁ(t —logt — wkﬁ)),

()

where the last line holds uniformly over wy > 0. Take b < 21% Since w; < bk, the above
yields the following estimate, uniformly over wy > 0:
(8.19) Py (Wi >my — 1) < e~ 502,

(w)

Expanding the Gaussian density in (8.18), substituting the bound in (8.19), and completing
the square in the exponent of e

bk (wy—vaK?
P(Dip; (v)) < te'=5 (ekk_% / e dwk>
(w) 0

1, b2 k
< e 1= GHT —V2b)k <te 7k,
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where the last inequality holds for all b sufficiently small. Thus, from (8.17), we have
(8.20) 1< 3 te=f <1
kel —nN[Slogt,t—1] (W)
We conclude by showing II = 0,,(1). Union bounds and Lemma 2.1 (many-to-one) give

(8.21) < 3 P(Dip; (v) N By (W ®D)).
kel (—N[L,5logt]

Integrating over wy := B4 (k) — Wk(v’l) and w; 1= Bs(t) — W,(v’l) and applying the Markov

property at times k and ¢ gives the following expression for P(Dipi(v) N BS“J](W.(“’Z))):

By (k) -
[ dwplf 0. Bak) — w)
By (k)—bk

By(t)—m;+1 W
(8.22) X _/(; dw; p,”  (Ba(k) — wi, Ba(t) — wy)

Ba()— —Ba(-+k)
x PBiEZ))fuu))tk,tfk(B[Oétt—k] (wDy).

Note that wy <)k uniformly and w; € [0, % logt +log L — y + 1]. We use these bounds

throughout the estimates that follow. Replacing B4(- + k) with B4(- + k) + 1 in the barrier
event above and then applying Lemma 2.8 yields

Ba(t)— —Ba(-+k _
(8.23) Pk B (WD) Sk (1w,
u

uniformly over wy and w;. The Gaussian density p,fv in (8.22) is asymptotically equivalent
(in the sense of =<y, uniformly over wy) to

2
Calogk + log L
(8.24) k—%—@ﬁL—ﬁexp(—k - g)—]’; + (ﬁ+ W)wg,

while the density function ptvz « is asymptotically bounded above (in the sense of <), uni-
formly over wy and wy) by

(8.25) K2 (1t — k)2 exp(—(r — k) — V2w + v 2w;).
Substituting the bounds given by (8.23)—(8.25) into (8.22) yields
P(Dip; (v) N By} (W)

< Lk
(w)

e k kdwy

2
/34(]{) _%+C4logk+long
B4 (k)—bk

Ba(t)—m+1
x / (1 + w,)eV2%r du,
0

1 1 By (k) (wg —Cy4logk—log L)2
gki(logt)t_ie_t/ -
()

e 2k dwy
B4 (k)—bk

< k? (log t)t_% e .
(w)

Thus, from (8.21), we see that IS, k2 (log £)%t~1/2 = 0, (1). This result along with (8.20)
and (8.16) establish (8.5) for i = 2, thereby concluding the proof of the lemma. [J
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APPENDIX: LIST OF SYMBOLS

Time parameters for the branching process

N the set of particles alive at time s §1.1
NY :={u € Nyy, : uis a descendant of v}, for v € N §2.1
fi=t—1L (5.1
e[l LY/9 any function £(L) in this interval going to oo as L — oo (5.2)
£y =14 (5.3)
Window notation
I = [V2L — L*3, /2L — L'/9] (1.5
NP = (v e N : RV e Iy (1.5)
ze LY, L2/3)] any function z(L) in this interval such that V2L —z € Iz"i“ 3.3)
Quantities depending on ¢, L, z, y, and d
ag:=d-1)/2 1.1
. d=4
=575 (1.1
my ::ﬁt+cdlogt (1.1)
My 1= (V2L — 2) " ze GHIV2 (34)
0, ="t fﬁ:cdlofg’ 4.2)
x(a):=~+2L —a (5.4)
yb) =" —0)+y—b (5.4
Processes
Py (+) law of a process started from x at time O §2.4
IP’.{,TC) law of a process started from x at time 0 and ending at y at time 7 §2.4
pX(x,y) transition density of a Markov process X; at time s given Xo = x §4.1

Barrier functions and events

Bl (x) (X, < f(s),Vs € I} 2.8)
BJ(X.) (X > f(s),Ys €1} 28
fr(s; 1) the linear function on [0, T with f2(0; T) =a, f2(T; T)=b (2.9)
B(") barrier function defined on [0, #] 4.1)
Bo() barrier function defined on [0, f — £] (4.38)
0:() barrier function that is constant on s € [0, £;], constanton s € [f — £ — £, — £], and far (5.9)
below %(s +L)ons e (£y,f—€— L) (see Figure 6)
Bf (X)) event: X is bounded above by mT’ (s + L)+ y and below by Q. (s) fors € I 5.7
T (v) event: a (branching Bessel) descendant of v in A/} exceeds m; + y (5.8)
Fp:(v) event: E[%‘j;ie](R‘(v)), RISZ is lower-bounded by 7/+/d, and T (v) (5.9
Gr.(v) event: B -, (R™), R, lies in a small interval below - (7 — £) + y, and T, (v) (5.10)
I'p.: the number of v € N;_, satisfying F7, ;(v) (5.11)
AL, the number of v € N;_, satisfying G, ;(v) (5.11)
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