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Abstract: We study traveling waves of the KPP equation in the half-space with Dirichlet
boundary conditions. We show that minimal-speed waves are unique up to translation
and rotation but faster waves are not. We represent our waves as Laplace transforms
of martingales associated to branching Brownian motion in the half-plane with killing
on the boundary. We thereby identify the waves’ asymptotic behavior and uncover a
novel feature of the minimal-speed wave �. Far from the boundary, � converges to a
logarithmic shift of the 1D wavew of the same speed: lim

y→∞�
(
x + 1√

2
log y, y

) = w(x).

1. Introduction

We study the KPP equation in the Dirichlet half-space:
{
∂t u = 1

2�u + u − u2 in H
d ,

u = 0 on ∂H
d .

(1.1)

Here H
d := R

d−1 × R+ is the half-space of dimension d ≥ 2. This reaction–diffusion
equation exhibits a wealth of propagation phenomena including traveling waves—
solutions that move at constant speed parallel to the boundary. In this paper, we exploit
the close relationship between (1.1) and branching Brownian motion to construct a host
of traveling waves and characterize those of minimal speed. We focus on the quadratic
nonlinearity in (1.1) for simplicity, but our results extend to more general equations; see
Remark 1.6 for details.

Motivation. Reaction–diffusion equations model phenomena in fields ranging from
chemistry to sociology. They can describe the progression of a chemical reaction through
a medium or a species invading new territory. Fundamentally, reaction–diffusion equa-
tions combine growth and dispersal; together, these features generate spatial propagation.
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At long times, such propagation commonly settles into a constant-speed pattern known as
a traveling wave. Rigorously, on the line, solutions of reaction–diffusion equations with
localized initial data often converge to traveling waves in suitable moving frames [2,20].
In multiple dimensions, the same holds in the whole space [9] and in cylinders with com-
pact cross-section [5,26].

The half-space is a complex intermediate—both anisotropic and transversally non-
compact. In [4], H. Berestycki and the second author construct traveling waves of any
speed c ≥ √2 in the half-space and show that localized disturbances roughly propagate
at speed

√
2. Two major questions remain: are the traveling waves unique up to transla-

tion, and do parabolic solutions converge to such waves in a suitable frame? Here, we
address the first question; we consider the second in a forthcoming work.

In one dimension, traveling waves of a given speed are unique up to translation. In
multiple dimensions, however, traveling waves in the whole space with supercritical
speeds c >

√
2 are not unique. This multiplicity is due to waves with level sets oblique

to the direction of propagation [11]. In contrast, the minimal speed
√

2 does not support
oblique level sets. Minimal-speed waves are planar and unique up to translation and
rotation [12]. We show that the half-space exhibits similar behavior. Up to isometry, the
half-space supports a single minimal-speed wave but many supercritical waves. To our
knowledge, this is the first proof of uniqueness for traveling waves with nontrivial and
noncompact transverse structure.

We are further motivated by the remarkable relationship between the PDE (1.1) and
the stochastic branching particle system known as branching Brownian motion (BBM).
More precisely, solutions of (1.1) may be constructed from the Laplace transform of
BBM [19,27,33]. This relationship has long been used to study both (1.1) and BBM.
For example, one-dimensional traveling waves can be expressed as Laplace transforms
of martingales associated to BBM [15,16,21,23].

Here, we develop this theory in the half-space. We express our traveling waves on H
d

as Laplace transforms of certain martingales associated to BBM in H
d . Using this repre-

sentation, we determine the large-scale structure of said waves and uncover unexpected
asymptotic phenomena in the minimal-speed setting. Our approach interweaves ana-
lytic and probabilistic arguments in novel fashion. This is not a mere convenience—we
are presently unable to prove the full complement of our results using either discipline
alone. Our reasoning and results thus shed light on the deep relationship between (1.1)
and BBM in the half-space.

Results. We denote coordinates on H
d by x = (x, x′, y) ∈ R× R

d−2 × R+. We study
traveling-wave solutions of (1.1) that move parallel to the boundary. Due to the rotational
symmetry of H

d orthogonal to ∂H
d , we are free to assume that our waves move in the

+x direction. Then a traveling wave solution of (1.1) of speed c ≥ 0 takes the form
�(x − ct, x′, y) for some � ∈ C2(Hd) ∩ C(Hd). It follows that � satisfies the elliptic
reaction–diffusion equation

{
1
2�� + c∂x� +� −�2 = 0 in H

d ,

� = 0 on ∂H
d .

(1.2)

We restrict our attention to bounded solutions of (1.2). By the maximum principle, all
such solutions lie between 0 and 1.
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Some solutions of (1.2) depend solely on the distance y to the boundary ∂H
d . In this

case the drift term c∂x� vanishes, so such solutions are steady states of the parabolic
problem (1.1). H. Berestycki and the second author have shown that the half-space
supports precisely two nonnegative bounded steady states [4, Theorem 1.1(A)]. These
are 0 and ϕ(y), the unique positive bounded solution of the following ODE on R+:

1

2
ϕ′′ + ϕ − ϕ2 = 0, ϕ(0) = 0. (1.3)

To ensure our traveling waves vary in x , we forbid these two “trivial” solutions.

Definition 1.1. A traveling wave of speed c ≥ 0 is a nonnegative bounded solution of
(1.2) that is neither 0 nor ϕ.

In Theorem 1.4(A) of [4], H. Berestycki and the second author also considered the
existence of traveling waves: H

d supports a traveling wave of speed c if and only if
c ≥ c∗ :=

√
2. In this paper, we consider the uniqueness and structure of such waves.

We first discuss uniqueness.

Theorem 1.1. For each d ≥ 2, there is exactly one traveling wave on H
d of speed

c∗ =
√

2, up to translation. In contrast, for every c > c∗, there exist infinitely many
traveling waves of speed c that are distinct modulo translation.

We note that a traveling wave on H
2 extends to a wave on H

d . Hence the unique minimal-
speed wave on H

d depends on x and y alone. In fact, the reduction to two dimensions
(Proposition 4.4 below) is an important step in the proof of Theorem 1.1. Thanks to this
reduction, most of our analysis takes place in the half-plane H := H

2 = R× R+.
To prove Theorem 1.1, we exploit the connection between the KPP equation (1.2) and

branching Brownian motion. In our probabilistic analysis, we fix d = 2 and thus work on
H = R×R+. Let

(
Xt (u),Yt (u) ; u ∈ Nt

)
t≥0 denote a BBM in R

2 without killing; Nt is

the set of particles alive at time t and
(
Xt (u),Yt (u)

)
is the position of particle u at time t .

The BBM process can be defined inductively as follows: from time zero, a single particle
performs a standard Brownian motion in R

2 until an independent exponential random
time of rate 1. The particle then splits into two child particles, each of which performs
an independent BBM from the parent’s position from that time onward. Using the usual
Ulam–Harris–Neveu notation, the initial particle has label ∅, and labels of subsequent
particles are elements of U =⋃

n∈N{1, 2}n with the rule that the two children of particle
u = u1u2 . . . un are u1u2 . . . un1 and u1u2 . . . un2. Thus the set Nt of particles alive at
time t is a subset of U . A fully rigorous construction (using a collection of independent
Brownian motions and exponentially-distributed lifetimes, both indexed by U) can be
found in Section 3 of [14] or Section 2 of [7]; see also [19] for an earlier and more
general approach to branching Markov processes. Given u ∈ Nt and s ≤ t , we write(
Xs(u),Ys(u)

)
for the position at time s of the unique ancestor of u alive at time s.

Our half-plane BBM is the process
(
Xt (u),Yt (u) ; u ∈ N +

t

)
t≥0, where

N +
t :=

{
u ∈ Nt : inf

s≤t Ys(u) > 0
}
. (1.4)

This is a branching Brownian motion whose particles are killed when they hit the bound-
ary ∂H. Let Py denote the law of the BBM in H started from a single particle at position
(0, y).
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In the study of one-dimensional BBM on the line R, it is well known that the so-called
additive and derivative martingales play a crucial role. Here we introduce

Zt :=
∑

u∈N +
t

[√
2t − Xt (u)

]
Yt (u)e

√
2Xt (u)−2t (1.5)

and a two-parameter family of processes

W λ,μ
t :=

∑

u∈N +
t

eλXt (u) sinh[μYt (u)]e−(λ2/2+μ2/2+1)t for λ,μ > 0. (1.6)

We show that these new objects are martingales whose long-time limits play a central
role in our analysis. They play roles analogous to the one-dimensional derivative and
additive martingales in the half-space setting.

Proposition 1.2. The following hold for any y > 0:

(i) Z is a Py-martingale with a.s. limit Z∞ � 0.

(ii) W λ,μ is a nonnegative Py-martingale with a.s. limit W λ,μ∞ . If λ2 + μ2 < 2, then

W λ,μ∞ � 0. Otherwise, W λ,μ∞ = 0 Py-a.s.

The notation M � 0 indicates a nonnegative random variable M that is not almost surely
zero. For analogous results in one dimension, see, for example, [21,23].

We now construct KPP traveling waves from the Laplace transforms of these mar-
tingale limits. In the following, Ey denotes expectation with respect to Py .

Theorem 1.3. The function

�(x, y) := 1− Ey exp
(
−e−

√
2x Z∞

)
(1.7)

is a shift of the unique minimal-speed traveling wave on H. Moreover, for all λ,μ > 0
such that λ2 + μ2 < 2,

�λ,μ(x, y) := 1− Ey exp
(
−e−λxW λ,μ∞

)
(1.8)

is a traveling wave of speed (λ2 + μ2 + 2)/(2λ) >
√

2.

We emphasize that the probabilistic construction of traveling waves given here differs
markedly from the analytic approach taken in [4], which extracts limits of approximate
waves on large boxes.

Theorems 1.1 and 1.3 are closely related. To prove minimal-speed uniqueness in The-
orem 1.1, we relate an arbitrary minimal-speed wave to the particular wave � defined
in (1.7). Drawing on the comparison principle and potential theory, we show that all
minimal-speed traveling waves satisfy a certain tail bound. In probability, this is known
as tameness—traveling waves cannot be too exotic. Following [1], we then use a proba-
bilistic “disintegration” argument to show that every tame wave is necessarily a shift of
�.

This strategy differs from purely analytic approaches to traveling-wave uniqueness.
It has been standard practice in the analytic literature to prove sharp asymptotic behavior
as a precursor to uniqueness; see, e.g., [5]. Here, we only need an upper bound in the
form of tameness; the probabilistic disintegration handles the rest. It seems likely that
this hybrid approach could bear fruit in other problems.
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Fig. 1. Parameter space for the supercritical waves �λ,μ. Waves corresponding to (λ, μ) ∈ Pc move with
speed c > c∗

The multiplicity of supercritical traveling waves in Theorem 1.1 follows from the
fact that we give a two-parameter family of waves in Theorem 1.3. As a result, there are
generally many waves with the same speed. Let Q ⊂ R

2
+ denote the open quarter-disk

of radius
√

2 centered at the origin. Given c > c∗, we define

Pc :=
{
(λ, μ) ∈ Q : (λ− c)2 + μ2 = c2 − 2

}
. (1.9)

Then Pc is the set of parameters (λ, μ) such that �λ,μ is a traveling wave with speed c.
The arcs Pc foliate the quarter-disk Q by speed; see Fig. 1.

In Sect. 3.2, we further associate martingales to every point on the boundary of Q. As
c → c∗, the set Pc converges to the single corner point (

√
2, 0), which corresponds to

the derivative martingale Z . This collapse hints at the uniqueness of the minimal-speed
wave.

Given c > c∗, every convex combination of martingales drawn from P̄c corresponds
to a speed-c traveling wave via the Laplace transform. We conjecture that this construc-
tion is exhaustive, and every traveling wave has this form; we leave this matter to future
work. Using analytic methods, Hamel and Nadirashvili [12] constructed a very simi-
lar infinite-dimensional manifold of entire solutions (including traveling waves) in the
whole space R

d . We anticipate that their results likewise admit a dual representation in
terms of martingale limits.

We now turn to the asymptotic behavior of our traveling waves. The limits as x →
±∞ are fairly simple: our waves are heteroclinic orbits connecting the steady state ϕ
on the left with 0 on the right. The waves exhibit more subtle behavior when we take
y →∞. In this regime, the boundary recedes and our waves become asymptotically one-
dimensional. Given c ≥ c∗, letwc denote the unique (up to translation) one-dimensional
traveling wave of speed c, which satisfies the ODE

1

2
w′′c + cw′c + wc − w2

c = 0, wc(−∞) = 1, wc(+∞) = 0.

To fully determine wc, we work with the translate given by the Laplace transform of
a c-dependent martingale related to one-dimensional BBM; see (1.12) and (6.3) for
details.

At the minimal speed, we show that� converges towc∗ as y →∞ after a horizontal
shift that is logarithmic in y. This novel phenomenon reflects the delicate structure of
the derivative martingale Z , as we discuss below. Supercritical waves exhibit a different
complication: they are asymptotically one-dimensional but tilted with respect to the
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coordinate axes. Given (λ, μ) ∈ Q, let Rλ,μ denote clockwise rotation by the angle
arctan(μ/λ). Far from the boundary, we show that the rotated wave�λ,μ◦Rλ,μ converges
to a one-dimensional wave of speed

c(λ, μ) := λ2 + μ2 + 2

2
√
λ2 + μ2

. (1.10)

To simplify the resulting statement, we extend �λ,μ by 0 to the entire plane R
2.

Theorem 1.4. Every wave�∗ in the collection {�,�λ,μ}(λ,μ)∈Q satisfies 0 < �∗ < 1,
∂x�

∗ < 0, and ∂y�∗ > 0 in H. The limits

�∗(−∞, · ) = ϕ and �∗(+∞, · ) = 0

hold uniformly and locally uniformly, respectively, in H. Moreover, as y →∞,

�
(
x + 1√

2
log y, y

)→ wc∗(x) and �λ,μ ◦ Rλ,μ(x, y)→ wc(λ,μ)(x) (1.11)

uniformly in x for all (λ, μ) ∈ Q, with c(λ, μ) given in (1.10).

The speed of �λ,μ in Theorem 1.3 is (λ2 +μ2 + 2)/(2λ), which differs from c(λ, μ) in
(1.10) and Theorem 1.4. The former is the speed of �λ,μ in the x-direction. The latter
is the apparent motion of �λ,μ perpendicular to its level sets in the y →∞ limit. The
discrepancy reflects the fact that the asymptotic level sets of �λ,μ are tilted at angle
θ(λ, μ) := arctan(μ/λ) relative to vertical. Thus the speeds differ by the geometric
factor cos θ(λ, μ). Traveling waves with asymptotically oblique level sets have been
previously studied in the whole space for a variety of reactions [6,11,12]. Originally
inspired by the flames of Bunsen burners, these works construct waves with cone-like
level sets that satisfy analogues of the second relation in (1.11).

As alluded to above, the most surprising feature of Theorem 1.4 is the logarithmic
shift 1√

2
log y in � as y →∞. From a probabilistic standpoint, this novel phenomenon

can be explained as follows. Recall that (1.7) expresses � in terms of the derivative
martingale Z defined in (1.5). As we move away from the boundary, the role of killing
lessens, and we might expect Z to resemble a one-dimensional derivative martingale. In
this spirit, define

Dt :=
∑

u∈Nt

[√
2t − Xt (u)

]
e
√

2Xt (u)−2t .

Note that this sum ranges over the entire population Nt of the BBM in R
2. Thus D

neglects killing, and is in fact the classical one-dimensional derivative martingale. It has
an a.s. positive limit D∞whose Laplace transform is the minimal-speed one-dimensional
traveling wave:

wc∗(x) := 1− E exp
(
−e−

√
2x D∞

)
. (1.12)

In Proposition 6.2, we use a first and second moment method conditioned on horizontal
motion to show that

Z∞(y)/y → D∞ in probability as y →∞ (1.13)

for a family of random variables Z∞(y)with the law of Z∞ under Py . Interpreting (1.13)
through the definitions (1.7) and (1.12), we find

�
(
x + 1√

2
log y, y

)
= 1− E exp

(
−e−

√
2x Z∞(y)/y

)
→ wc∗(x) as y →∞.
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Thus, the limiting relation (1.13) between the martingales Z and D implies the asymp-
totic behavior of � in Theorem 1.4. We take a similar (simpler) approach to the asymp-
totics of the supercritical waves �λ,μ; see Proposition 6.5 for details.

The asymptotic tail behavior of the minimal-speed wave has historically played an
important role in the study of KPP propagation [13,23]. We expect the same will be true
on the half-space. We therefore develop a more precise understanding of the asymptotics
of� as x →∞. These are related to the well-known tail behavior of the one-dimensional
wave: there exist K∗ > 0, a ∈ R, and δ > 0 such that

wc∗(x) = K∗
[
x + a + O(

e−δx
)]

e−
√

2x as x →∞. (1.14)

In the following, we let log+ s := max{log s, 0} and recall that x := (x, y) on H.

Theorem 1.5. There exists E ∈ L∞(H) such that if x ≥ 1√
2

log+ y,

�(x, y) = K∗
[
x − 1√

2
log+ ‖x‖ + E(x, y)

]
ye−

√
2x . (1.15)

Our proof is rooted in potential theory and uses Theorem 1.4 as input.
Note that if we evaluate � at

(
x + 1√

2
log y, y

)
and take y → ∞, the asymptotic

behavior in (1.15) comports with (1.11) and (1.14). We highlight one final curiosity: if
we instead hold y fixed and take x →∞, we find

�(x, y) = K∗
[
x − 1√

2
log x + Oy(1)

]
ye−

√
2x ,

where the implied constant in Oy(1) depends on y. This hearkens to (1.14) but includes
a log x correction in the algebraic prefactor. We are unaware of an analogue of this
behavior in any other context.

Remark 1.6. For simplicity, we focus on rate-1 binary branching Brownian motion. More
broadly, one can consider BBMs with branching rate r > 0 in which a branching particle
has a random number Z of offspring. If g(s) := EsZ denotes the probability generating
function of Z and f (s) := r [1− s − g(1− s)], then this generalized BBM is linked to
the reaction–diffusion equation

∂tv = 1

2
�v + f (v) (1.16)

via the renewal argument of McKean [27]. In the rate-1 binary case, Z ≡ 2 and we
recover the reaction f (s) = s − s2 appearing in (1.1).

Provided EZ1+γ < ∞ for some γ > 0, this generalized BBM behaves much like
binary BBM, and our methods and results apply with minor modifications. In particular,
(1.16) has a unique traveling wave (modulo isometry) in the half-space of minimal speed√

2 f ′(0) = √2r(EZ − 1).We can thus treat a wide variety of reactions f corresponding
to rates r and random variablesZ as described above. However, this “probabilistic” class
does not exhaust the broader “KPP” class of reactions satisfying f (s) ≤ f ′(0)s. We
anticipate that variations on our main results hold for all KPP reactions, but a proof
seems to require new analytic ideas.
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Organization. The remainder of the paper is organized as follows. In Sect. 2, we de-
velop the theory of BBM in the half-plane and prove Proposition 1.2. We construct our
traveling waves in Sect. 3 and thus prove Theorem 1.3. In Sect. 4, we use purely ana-
lytic methods to prove a sharp upper bound—tameness—for all minimal-speed traveling
waves. We employ this tameness in a disintegration argument to prove the uniqueness
of the minimal-speed wave in Sect. 5. Section 6 concerns the asymptotic behavior of
our traveling waves and concludes the proofs of Theorems 1.1, 1.4, and 1.5. Finally, we
speculate about the extension of Theorem 1.3 to ∂Q in Sect. 7.

2. Branching Brownian Motion in the Half-Plane

In this section we gather several results about branching Brownian motion (BBM) in
the half-space and its associated martingales. We will use limits of these martingales as
Radon–Nikodym derivatives and describe the resulting probability measure through a
“spine decomposition.” This idea goes back at least to [8,25]; here, we import several
results along these lines from [14]. Throughout, we fix the dimension d = 2 and thus
work on the half-plane H := R× R+.

Recall that we are interested in the derivative martingale Z and the additive mar-
tingales W λ,μ defined in (1.5) and (1.6), respectively. The convergence of the latter is
relatively straightforward, as W λ,μ is uniformly integrable if and only if λ2 + μ2 < 2;
see Section 2.3 below. The derivative martingale Z poses more of a challenge—it has
indefinite sign and is not uniformly integrable.

Let us start by recalling some basic facts from [14],1 Let (Xt ,Yt ) be a standard
Brownian motion in R

2 and let τ := inf{t : Yt ≤ 0} be the first exit time of H.
Then ξt = (Xt ,Yt )t≤τ is Brownian motion stopped upon exiting H. Suppose that ζt =
f (ξt ), t ≤ τ , is a martingale in the natural filtration of ξ (analogous to the single-particle
martingale with respect to the filtration (Gt )t≥0 of (ξt )t≥0 in [14, Definition 5.2]). Let
ζu(t) := f

(
Xu(t),Yu(t)

)
for all u ∈ N +

t . Then the process

M(t) :=
∑

u∈N +
t

e−tζu(t) (2.1)

is a martingale with respect to the natural filtration Ft generated by the half-plane
BBM up to time t ([14, Definition 5.3, Lemma 5.7]). Note that in [14], Hardy and Harris
require that ζ(t) be a strictly positive martingale (see above their Definition 5.2), whereas
our martingales ζ will simply be nonnegative. One can easily check that the results in
Sections 5 to 8 of [14] extend to functions ζ satisfying ζ(0) > 0 and ζ(t) ≥ 0 for t > 0.
Our martingales will satisfy these conditions.

2.1. The additive martingale in the half-plane. Since

ζt := Yte
√

2Xt−t (2.2)

1 In their set-up and notation, [14, Definition 2.1] the underlying Markov process �t is Brownian motion
in H stopped upon exiting H; the state space is J = H; the space of “types” B is not relevant for us; the
inhomogeneous branching rate R : H → [0,∞) is simply R(x) = 1 for all x ∈ H; and the random variable
A(x) = 1 for all x ∈ H, so m(x) = 1.
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is a single-particle martingale, (2.1) implies that

Wt :=
∑

u∈N +
t

Yt (u)e
√

2Xt (u)−2t

is a Py-martingale, recalling the law Py of the half-plane BBM started at height y > 0.
(The martingale property can also be seen from the many-to-one lemma.) We now want
to prove that Wt → 0 Py-a.s. as t → ∞. As a nonnegative martingale, Wt converges
almost surely. To show the limit is zero, we use a classical argument: we change measure
using y−1Wt and study the new measure.

More precisely, letting W := (Wt )t≥0, we can define a tilted probability measure
P̄y on F∞ via P̄y(E) := EPy (y

−1Wt1E ) for all t ≥ 0 and E ∈ Ft , written dP̄y :=
y−1WdPy for short. Then Theorem 6.4 and Lemma 6.5 in [14] show that P̄y is the law of
a branching Brownian motion where we have modified the behavior of a distinguished
“spine” particle as follows.

Let P̂y denote the law of a branching Brownian motion in the half-plane with spine
constructed on an enlarged probability space as follows. Let B be a Brownian motion
started from 0 and S be an independent Bessel process of dimension 3 started from
y. Our BBM with spine starts with a single spine particle that moves according to the
process t �→ (Bt +

√
2t, St ). After an independent exponential time of rate 2, this particle

splits into two children, one of which is arbitrarily designated the new spine particle. The
new spine performs a copy of the above process from its birth location, while the non-
spine child starts an independent BBM (standard and without spine) in H with killing
on ∂H. We let

(
Xt (u),Yt (u) ; u ∈ N +

t

)
denote the positions of the particles at time t

and let ξt ∈ N +
t denote the label of the spine. Note that the identity ξ of the spine is

not measurable with respect to the original filtration (Ft )t≥0. The spine decomposition
theorem states that P̄y = P̂y on F∞, explained below using [14].

Proposition 2.1 (Theorem 6.4, Lemma 6.5, and Theorem 8.1 in [14]). For all t ≥ 0
and E ∈ Ft , we have P̂y(E) = P̄y(E). Moreover,

P̂y(ξt = u | Ft ) = W−1
t Yt (u)e

√
2Xt (u)−2t for all u ∈ N +

t . (2.3)

Proof. Observe that the single-particle martingale ζt (2.2) factorizes into a product of
two martingales, Yt1{t≤τ } and exp(

√
2Xt − t) respectively, where each only affects

the corresponding coordinate of (Xt ,Yt ). Note that Yt1{t≤τ } is the probability change
needed to make Yt into a Bessel process, and exp(

√
2Xt − t) is exactly the Girsanov

martingale that gives a drift
√

2 to X . Thus, [14, Theorem 6.4]2 and [14, Lemma 6.5]
yield the equality of P̂y(E) and P̄y(E) on F∞. Next, (2.3) is a consequence of [14,
Theorem 8.1]. We observe that while Wt can vanish, we have Wt > 0 on the event
u ∈ N +

t , so dPy := yW−1dP̄y on that event. Hence [14, Theorem 8.1] can indeed be
applied in our context.

We will make use of the following characterization of absolutely continuous random
measures.

2 To match notation, their Z(t) is our Wt , their Q is our Py , and their Q̃ is our P̂y .
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Proposition 2.2. Let (Mt )t≥0 be a mean one nonnegative (Ft )t≥0-martingale under law
P. Define a new probability measure Q on F∞ via Q(E) := EP (Mt1E ) for all t ≥ 0
and E ∈ Ft , written dQ = MdP for short. The martingale Mt converges almost surely
under both P and Q; we write M∞ for the a.s. limit. Then

Q(E) = EP (M∞1E ) + Q(E ∩ {M∞ = ∞}) for all E ∈ F∞.
In particular, the following are equivalent:

(i) M is uniformly integrable with respect to P;
(ii) EP M∞ = 1;
(iii) Q(M∞ = ∞) = 0.

Suppose we wish to show that M converges P-almost surely to a nondegenerate limit.
By Proposition 2.2, it suffices to show that lim inf t→∞ Mt < ∞ Q-a.s. Likewise, the
inverse result follows if lim supt→∞ Mt = ∞ Q-a.s. Thus to prove that Mt → 0 under
P, one need only show that M diverges under Q; this is typically much easier (see the
proof of Proposition 2.3). This is precisely how we show the following:

Proposition 2.3. The process Wt → 0 Py-a.s. as t →∞.

Using the spine decomposition and Proposition 2.2, we show that the additive mar-
tingale vanishes in the long-time limit.

Proof of Proposition 2.3. We already know that W is a nonnegative martingale. Hence
by Doob’s theorem, W converges almost surely. Combining Propositions 2.2 and 2.1,
we have

y−1
Ey(W∞1{W∞<∞}) = P̄y

(
lim sup
t→∞

Wt <∞
) = P̂y

(
lim sup
t→∞

Wt <∞
)
. (2.4)

Note that under the law P̂y , Wt ≥ Yt (ξt )e
√

2Xt (ξt )−2t . Now Xt (ξt ) −
√

2t is a standard
Brownian motion, which makes arbitrarily large excursions almost surely. Moreover,
almost surely, the Bessel process Yt (ξt ) does not vanish in the limit. It follows that
lim supt→∞Wt = ∞ P̂y-a.s. In light of (2.4), we conclude that

Ey(W∞1{W∞<∞}) = yP̂y(W∞ <∞) = 0.

Since Wt is a martingale, W∞ = 0 Py-a.s. ��

2.2. Convergence of the derivative martingale and shaving. We now turn to the deriva-
tive martingale in the half-plane. The main result of this subsection is the following.
Recall that for t ≥ 0

Zt :=
∑

u∈N +
t

[√
2t − Xt (u)

]
Yt (u)e

√
2Xt (u)−2t .

Proposition 2.4. The process Z is a Py-martingale and

Z∞ := lim
t→∞ Zt � 0 Py − a.s.
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Recall that Z∞ � 0 means Z∞ is nonnegative and not almost surely zero. In the
forthcoming Corollary 3.3, we show that Z∞ is in fact almost surely positive on the
survival event.

Again, it is easy to check the martingale property, which follows as before from the
simple observation that

t �→ (
√

2t − Xt )e
√

2Xt−t and t �→ Yt1{t≤τ }

are both martingales, so their (independent) product is a single-particle martingale.
Because Z has indefinite sign, we cannot immediately deploy the methods of the

previous subsection by studying a probability measure biased by Z . We circumvent this
issue through a classical trick: we consider a family of shaved derivative martingales
whose asymptotic behavior resembles that of Zt .

Given α > 0, we define

Zαt :=
∑

u∈N +,α
t

[√
2t + α − Xt (u)

]
Yt (u)e

√
2Xt (u)−2t ,

where N +,α
t := {u ∈ N +

t : Xs(u) ≤
√

2s + α, s ≤ t} denotes the collection of particles
in N +

t whose trajectories remain below the line
√

2s + α. As above, one easily checks
that Zα is a martingale by considering the corresponding single-particle martingale.
Moreover, the definition of N +,α implies that Zα is a nonnegative martingale and thus
converges almost surely to a nonnegative limit Zα∞.

We now use familiar tools to show that Zα is uniformly integrable and thus has a
nondegenerate limit. Define the tilted measure

dQ
α
y =

Zα

αy
dPy .

Let Q̂
α
y denote the law of a BBM in H with spine ξ such that the spine particle branches

at accelerated rate 2 and moves according to the process (
√

2t + α − St , S′t ), where
S and S′ are two independent Bessel processes of dimension 3 started from α and y,
respectively. Then, using Theorem 6.4, Lemma 6.5, and Theorem 8.1 in [14] again as in
Proposition 2.1, we have the following.

Proposition 2.5. For all t ≥ 0 and E ∈ Ft , we have Q̂
α
y (E) = Q

α
y (E). Moreover,

Q̂
α
y (ξt = u | Ft ) = (Zαt )

−1[√2t + α − Xt (u)
]
Yt (u)e

√
2Xt (u)−2t for all u ∈ N +,α

t .

Proof. As with Proposition 2.1, the proof reduces to checking the law of the single
particle motion ξt when we change measure via the single-particle martingale (

√
2t +

α − Xt )Yte
√

2Xt−2t . We omit the repeated details.

We now use the spine decomposition to prove uniform integrability.

Lemma 2.6. For all α > 0, Zα is a uniformly integrable martingale that converges
Py-almost surely as t →∞ to a nonnegative, nondegenerate random variable Zα∞.
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Proof. By Proposition 2.2, Zα is uniformly integrable if and only if

Q
α
y (Z

α∞ <∞) = 1. (2.5)

Let (τn)n∈N denote the increasing sequence of times at which the spine gives birth. Under
Q̂
α
y , the (τn)n∈N are the atoms of a Poisson process with intensity 2. Let

Y := σ
((
Xs(ξs),Ys(ξs), τn

) ; s ≥ 0, n ∈ N
)

(2.6)

denote the filtration associated to the trajectory of the spine and the birth times. The
spine has position (

√
2t + α − St , S′t ).

Hence the martingale property of Z for standard BBM yields

E
Q̂α

y
(Zαt | Y) = St S

′
te
−√2(St−α) +

∞∑

n=1

Sτn S
′
τn

e−
√

2(Sτn−α)1{τn<t} Q̂
α
y -a.s.

Using Fatou’s lemma and the transience of Bessel-3 processes, we find

E
Q̂α

y
(Zα∞ | Y) ≤

∞∑

n=1

Sτn S
′
τn

e−
√

2(Sτn−α) Q̂
α
y -a.s.

Now, the law of the iterated logarithm for Bessel processes implies that for any ε > 0,
almost surely t1/2−ε ≤ St ≤ t1/2+ε for sufficiently large t . It follows that

∞∑

n=1

Sτn S
′
τn

e−
√

2(Sτn−α) <∞ Q̂
α
y -a.s.

This proves (2.5). As a result, Zα is a closed martingale that converges Py-almost surely
and in L1 to Zα∞. In particular, we have

Ey Z
α∞ = Ey Z

α
0 = αy > 0,

which shows that Zα∞ is positive with positive probability. ��
We now complete the proof of Proposition 2.4 by showing the convergence of the

derivative martingale Z to the nonnegative limit limα→∞ Zα∞.

Proof of Proposition 2.4. We first note that α �→ Zαt is increasing for all t > 0, so
α �→ Zα∞ is also P

y-a.s. increasing. Hence limα→∞ Zα∞ is well-defined Py-a.s..
If Mt = maxNt Xt (u) denotes the maximal displacement at time t of a standard

one-dimensional branching Brownian motion, then it is well known (see, e.g., [23]) that

lim inf
t→∞

√
2t − Mt = +∞ a.s. (2.7)

so in particular we have

M̄+ := sup
t≥0

sup
u∈N +

t

Xt (u)−
√

2t <∞ P
y − a.s. (2.8)

For all α > M̄+ and t ≥ 0, we have

Zαt =
∑

u∈N +
t

[√
2t + α − Xt (u)

]
Yt (u)e

√
2Xt (u)−2t
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=
∑

u∈N +
t

[√
2t − Xt (u)

]
Yt (u)e

√
2Xt (u)−2t + α

∑

u∈N +
t

Yt (u)e
√

2Xt (u)−2t = Zt + αWt .

Taking t →∞ and using Proposition 2.3, we conclude that P
y-a.s., we have

lim
t→∞ Zt = Zα∞ for all α > M̄+.

In particular, the family (Zα∞)α>0 stabilizes once α exceeds the (random) threshold M̄+.
Since M̄+ is almost surely finite,

Z∞ := lim
t→∞ Zt = lim

α→∞ Zα∞.

��

2.3. Supercritical additive martingales. We now turn to the supercritical additive mar-
tingales

W λ,μ
t =

∑

u∈N +
t

eλXt (u) sinh[μYt (u)]e−(λ2/2+μ2/2+1)t (2.9)

parameterized by λ,μ > 0. As usual, from the machinery of [14] and the single-
particle martingale, one can readily check that W λ,μ is a martingale. Because W λ,μ

is nonnegative, it has an almost sure limit W λ,μ∞ ≥ 0. In this subsection we prove the
following dichotomy for W λ,μ∞ .

Lemma 2.7. If λ2 + μ2 < 2, then the martingale W λ,μ is uniformly integrable and
W λ,μ∞ � 0. Otherwise, W λ,μ∞ = 0 Py-a.s.

Proof. We again employ a spine decomposition. Given λ,μ, y > 0, let P̂
λ,μ
y denote

the law of the following BBM with spine ξ . The spine particle moves according to a
process (Xt ,Yt ), where X is a Brownian motion with drift λ started from 0 and Y is
an independent Brownian motion with drift μ started from y and conditioned to stay
positive. The spine particle branches at the accelerated rate 2 and non-spine particles
behave as independent BBMs in H.

Using Theorem 6.4 and Lemma 6.5 of [14] as in Proposition 2.1, P̂
λ,μ
y coincides with

the tilted measure dP
λ,μ
y = Wλ,μ

sinh(μy)dPy on F∞. This follows from the fact that

sinh[μYt (ξt )]
sinh(μy)

e−
μ2 t

2 1{Ys (ξs )≥0 ; s≤t}

is the Radon–Nikodym derivative of a Brownian motion with drift μ conditioned to stay
positive relative to the Wiener measure (see, e.g., [32, Chapter III, 29]).

Observe that P̂
λ,μ
y -a.s., we have

W λ,μ
t ≥ eλXt (ξt )−λ2t/2 sinh[μYt (ξt )]e−μ2t/2e−t .

Recalling that X (ξ) and Y (ξ) have drift λ and μ, respectively, we have

lim inf
t→∞

1

t
log W λ,μ

t ≥ λ2 + μ2

2
− 1 P̂

λ,μ
y -a.s.
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Hence, if λ2 + μ2 > 2 (or if λ2 + μ2 = 2 by the law of iterated logarithm), we have
P
λ,μ
y (W λ,μ∞ <∞) = 0. Then Proposition 2.2 implies that W λ,μ∞ = 0 Py-a.s.

If λ2 +μ2 < 2, we condition with respect to the spine’s position and branching times
(τn)n∈N as in the proof of Lemma 2.6. Recalling Y from (2.6), the martingale property
for W λ,μ yields the P̂

λ,μ
y -a.s. bound

Ê
λ,μ
y (W λ,μ∞ | Y) ≤ 1

2

∞∑

n=1

eλXτn +μYτn−(λ2/2+μ2/2+1)τn .

This is P̂
λ,μ-almost surely finite, so Proposition 2.2 implies that W λ,μ is uniformly

integrable under Py . It follows that EyW
λ,μ∞ = sinh(μy) > 0, so W λ,μ∞ � 0. ��

Proof of Proposition 1.2. The proposition unites Proposition 2.4 and Lemma 2.7. ��

3. Constructions of KPP Traveling Waves

We now use the nondegenerate martingale limits Z∞ and W λ,μ∞ from Proposition 1.2 to
construct traveling waves for the KPP equation in H. We rely on McKean’s formulation
of the link between BBM and the KPP equation, as well as “smoothing equations”
satisfied in law by the martingale limits.

3.1. A Minimal-Speed Wave. Recall from Theorem 1.3 the definition (1.7) of �:

�(x, y) = 1− Ey exp
(
−e−

√
2x Z∞

)
.

We show that� is a traveling wave on H of speed c∗ =
√

2 in the sense of Definition 1.1.
Our main tool is the McKean representation of solutions of (1.1). This connection be-
tween BBM and the KPP equation was observed by McKean [27] in one dimension.
Here, we state a straightforward analogue valid in H.

Proposition 3.1 (McKean representation). If φ ∈ L∞(H) satisfies 0 ≤ φ ≤ 1, then

u(t, x, y) := Ey

⎛

⎝1−
∏

v∈N +
t

[
1− φ(x − Xt (v),Yt (v)

)]
⎞

⎠

is the unique solution of (1.1) with initial condition u(0, · ) = φ.

Proof. First suppose that φ : R → [0, 1] is additionally C2. We define

qφ(t, x, y) = Ey

⎛

⎝
∏

u∈Nt

[
1− φ(x − Xt (u),Yt (u)

)]
⎞

⎠ .

By dominated convergence,

lim
t→0

qφ(t, x, y) = 1− φ(x, y) and lim
y→0

qφ(t, x, y) = 1. (3.1)
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To begin, we compute ∂t qφ |t=0. Applying the branching property at the first branching
time of the BBM, we have

qφ(t, x, y) =e−tEy[1− φ(x − Xt ,Yt )]
+
∫ t

0
e−sEy

(
EYs

[
qφ(t − s, x − Xs,Ys) | Xs,Ys

]21{inf [0,s] Y>0}
)

ds.

Thus Itô’s formula, dominated convergence, and (3.1) yield

∂t qφ(0, x, y) = −qφ(0, x, y) +
1

2
�qφ(0, x, y) + qφ(0, x, y)

2.

Now fix t, h > 0. Given u ∈ N +
h , let N +

t+h(u) denote the set of descendants of u alive at
time t + h. Applying the branching property at time h, we have

qφ(t + h, x, y) = Ey

[
Ey

( ∏

u∈N +
h

∏

v∈N +
t+h(u)

[
1− φ(x − Xt+h(v),Yt+h(v)

)] ∣∣∣ Fh

)]

= Ey

[ ∏

u∈N +
h

qφ
(
t, x − Xh(u),Yh(u)

)]
.

Our earlier computation allows us to differentiate this expression at h = 0 to find

∂t qφ = 1

2
�qφ + q2

φ − qφ.

So 1− qφ solves (1.1).
To extend this result to φ ∈ L∞(H), let u denote the unique solution of (1.1) with

initial data φ. For all ε > 0, u(ε, · ) ∈ C2. Hence we have just shown that

uε(t, x, y) := 1− Ey

⎛

⎝
∏

u∈Nt

[
1− u

(
ε, x − Xt (u),Yt (u)

)]
⎞

⎠

solves (1.1) with initial data u(ε, · ). By the semigroup property, uε(t, · ) = u(t + ε, · )
for all t ≥ 0. We conclude by taking ε→ 0 and using the fact that u(ε, · )→ φ weakly
in L∞.

��
We now prove that the limit of the derivative martingale satisfies a recursive equation in
distribution. More precisely, using the branching property of the BBM, we show that the
law of Z∞ is a fixed point of a multitype version of the so-called smoothing transform.
In the following, for fixed t, s ≥ 0, we write u � v when a particle v ∈ N +

t+s is a
descendant of u ∈ N +

t .

Lemma 3.2. For all y > 0 and t > 0, we have

Z∞ =
∑

u∈N +
t

e
√

2Xt (u)−2t Z∞(u), (3.2)

where

Z∞(u) := lim
s→∞

∑

u�v∈N +
t+s

[√
2s − Xt+s(v)

]
e
√

2Xt+s (v)−2s for u ∈ Nt .
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Moreover, conditionally on Ft , the random variables
(
Z∞(u) ; u ∈ N +

t

)
are indepen-

dent and Z∞(u) has the distribution of Z∞ under law PYt (u).

Proof. Given s, t ≥ 0 and u ∈ N +
t , we define N +

t+s(u) = {v ∈ N +
t+s : u � v} and

Ws(u) :=
∑

v∈N +
t,s (u)

Yt+s(v)e
√

2[Xt+s (v)−Xt (u)]−2s,

Zs(u) :=
∑

v∈N +
t,s (u)

(√
2s − [Xt+s(v)− Xt (u)]

)
Yt+s(v)e

√
2[Xt+s (v)−Xt (u)]−2s .

With this notation, we can write

Zt+s =
∑

u∈N +
t

∑

v∈N +
t+s(u)

[√
2(t + s)− Xt+s(v)

]
Yt+s(v)e

√
2Xt+s (v)−2(t+s)

=
∑

u∈N +
t

[√
2t − Xt (u)

]
e
√

2Xt (u)−2tWs(u) +
∑

u∈N +
t

e
√

2Xt (u)−2t Zs(u). (3.3)

The branching property implies that conditionally on Ft ,
(
Ws(u), Zs(u)

)
u∈N +

t
are in-

dependent random pairs and
(
Ws(u), Zs(u)

)
has the law of (Ws, Zs) under PYt (u). In

particular, taking s →∞ and using Proposition 1.2, we have

lim
s→∞

(
Ws(u), Zs(u)

) = (
0, Z∞(u)

)
Py − a.s.

The limits
(
Z∞(u) ; u ∈ N +

t

)
are independent conditionally on Ft and share the law of

Z∞ under PYt (u). Moreover, (3.2) follows from (3.3).

Using the branching property, we can check that Z∞ is positive precisely on the survival
set of the BBM.

Corollary 3.3. For all y > 0, we have

{Z∞ > 0} = {N +
t �= ∅ for all t ≥ 0} Py − a.s.

Proof. Let S := {N +
t �= ∅ for all t ≥ 0} denote the survival event of the BBM on H.

The definition of Zt immediately implies that

{Z∞ > 0} ⊂ S. (3.4)

Hence it suffices to show that Py(S) = Py(Z∞ > 0) for all y > 0. We note that
Proposition 2.4 implies that q is positive on R+, so (3.4) yields p ≥ q > 0.

Given y > 0, we define the functions p and q by

p(y) := Py(S
c) and q(y) := Py(Z∞ = 0).

Using the branching property at time t , we see that

Py(S
c | Ft ) =

∏

u∈N +
t

PYt (u)(S
c).
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It follows that p satisfies the recursive identity

p(y) = Ey

∏

u∈N +
t

p
(
Yt (u)

)
(3.5)

for all t ≥ 0. Similarly, using Lemma 3.2, we have

q(y) = Ey
[
Py(Z∞(u) = 0 for all u ∈ N +

t | Ft )
] = Ey

∏

u∈N +
t

q
(
Yt (u)

)
(3.6)

for all t ≥ 0. Combining (3.5), (3.6), and Proposition 3.1, we see that 1− p and 1− q
are both stationary solutions of (1.1) on the Dirichlet half-line. That is, both are positive
bounded solutions of (1.3). Lemma 6.1 of [4] states that there is only one such solution;
we have previously denoted it by ϕ. It follows that p = 1 − ϕ = q, which completes
the proof. ��
Armed with Lemma 3.2 and Proposition 3.1 we are now able to show that� is a minimal-
speed traveling wave.

Lemma 3.4. The function � defined in (1.7) is a traveling wave of speed
√

2.

Proof. Fix (x, y) ∈ H and t > 0. Using every part of Lemma 3.2, the tower property
for Ft yields

�(x, y) = 1− Ey exp

⎛

⎝−
∑

u∈N +
t

e
√

2(Xt (u)−
√

2t−x)Z∞(u)

⎞

⎠

= 1− Ey

∏

u∈N +
t

[
1−�(√2t + x − Xt (u),Yt (u)

)]
.

Now Proposition 3.1 implies that the function

�(x −√2t, y) = 1− Ey

∏

u∈N +
t

[
1−�(x − Xt (u),Yt (u)

)]

solves the KPP equation (1.1) with initial data �(x, y). It follows that � solves (1.2).
Clearly, � is bounded. Moreover, because Z∞ is not identically zero, � is nonconstant
in x , and thus neither 0 nor ϕ. By Definition 1.1, � is a traveling wave of speed

√
2.

3.2. Higher-Speed Waves. We now construct traveling waves with speeds c > c∗. As
for �, we use the Laplace transform of the martingale limits W λ,μ∞ . The proof is very
similar to that presented above, so we omit some repeated details.

Fix t > 0. As with Z∞, the branching property of the BBM implies that the random
variable W λ,μ∞ satisfies the smoothing transform

W λ,μ∞ =
∑

u∈N +
t

eλXt (u)−(λ2+μ2+2)t/2W λ,μ∞ (u), (3.7)
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where, conditionally on Ft , the random variables
(
W λ,μ∞ (u) ; u ∈ N +

t

)
are independent

and share the distribution of W λ,μ∞ under PYt (u). The proof is analogous to that of (3.2).
In fact, when λ2 + μ2 < 2, (3.7) and Proposition 1.2 imply that

{W λ,μ∞ > 0} = {N +
t �= ∅ for all t ≥ 0} Py-a.s. (3.8)

Using the fixed point equation (3.7), we show that the Laplace transform of W λ,μ∞
corresponds to a traveling wave of (1.1).

Proposition 3.5. For all λ,μ > 0 such that λ2 + μ2 < 2, the function

�λ,μ(x, y) := 1− Ey exp
(
−e−λxW λ,μ∞

)

is a traveling wave of (1.1) with speed λ2+μ2+2
2λ >

√
2.

Proof. For all (x, y) ∈ H and t > 0, (3.7) and the tower property for Ft yield

�λ,μ(x, y) = 1− Ey

⎛

⎝
∏

u∈N +
t

[
1−�λ,μ

(
ct + x − Xt (u),Yt (u)

)]
⎞

⎠ ,

where c = λ2+μ2+2
2λ . Note that this speed is supercritical:

c > inf
R+

λ2 + 2

2λ
= √2.

Using Proposition 3.1, we deduce that �λ,μ(x − ct, y) solves (1.1), so � itself solves

(1.2). Moreover, W λ,μ∞ is not identically zero, so�λ,μ is neither 0 nor ϕ. Therefore�λ,μ

is a traveling wave of speed c. ��
Provided Theorem 1.1 holds, the proof of Theorem 1.3 is now complete.

Proof of Theorem 1.3. Using Lemma 3.4, we observe that � is a traveling wave on
H with speed c∗. Using Theorem 1.1, we deduce that it is the unique minimal-speed
traveling wave, up to translation in x . The second part of Theorem 1.3 is Proposition 3.5.
��

4. Structure and Tameness for Minimal-Speed Waves

In this section, we use analytic methods to constrain an arbitrary minimal-speed traveling
wave � on H

d . We first show that � is decreasing in x , increasing in y, and constant in
x′. It follows that � is essentially two-dimensional and we can restrict our attention to
the half-plane H

2. We then prove a sharp upper bound on the tail of � where x � 1.
This bound is termed “tameness” in the probabilistic literature; it plays a crucial role in
our subsequent probabilistic arguments.

We collect the main results of this section in the following proposition. Recall that
we denote coordinates on H

d = R× R
d−2 × R+ by (x, x′, y).
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Proposition 4.1. Let � be a traveling wave on H
d of speed c∗. Then � is independent

of x′ and satisfies 0 < � < ϕ, ∂x� < 0, and ∂y� > 0. The limits �(−∞, · ) = ϕ and
�(+∞, · ) = 0 hold locally uniformly in y. Moreover, there exists C > 0 such that

�(x, x′, y) ≤ C(1 + x+)ye−
√

2x for all (x, x′, y) ∈ H
d . (4.1)

In light of Theorem 1.5, the tail bound (4.1) is sharp up to a constant factor wherever
x ≥ c log+ y for some c > 1√

2
.

In the following, we use the notation f � g when f ≤ Cg for some universal
constant C ∈ R+. Likewise, f �α g indicates that the constant C can depend on the
parameter α.

4.1. Strategy. We begin by adapting maximum-principle arguments of Hamel and Nadi-
rashvili [12] to show that � has the expected monotonicity: ∂x� < 0, ∂y� > 0, and
∇x′� = 0 (Proposition 4.4). As a result, � does not depend on x′ and the problem
reduces to two dimensions. It also follows that � approaches ϕ on the left and 0 on
the right (Corollary 4.5). These regimes are separated by a smooth level set {� = 1/2}
that coincides with the graph of a uniformly smooth function x = σ(y), at least away
from ∂H. Using a uniqueness result on the whole plane R

2, we can show that σ ′ → 0
as y →∞ (Lemma 4.6). That is, the level set {� = 1/2} is asymptotically vertical far
from ∂H.

The remainder of the argument combines comparison methods with potential theory.
Counterintuitively, the comparison portion is based on a family of compactly supported
subsolutions that ensure that� roughly decays like e−

√
2x where x ≥ σ(y) (Lemma 4.7).

We exploit this loose form of regularity in our potential theoretic arguments. In the
following discussion, we focus on x, y > 1; the rest of the half-plane can be handled
easily.

Using the aforementioned exponential decay, we show that � := e
√

2x� is nearly
harmonic on the domain {x ≥ 6σ(y)}. Because σ is sublinear, this domain is similar to
a quarter-plane and can be conformally mapped there with rO(1) distortion [34], where
r := √

x2 + y2 denotes the radial coordinate (Lemma 4.9). On the quarter-plane, explicit
analysis based on the Herglotz representation theorem [17] shows that positive harmonic
functions with suitable boundary data grow at most quadratically in r . Composing with
our conformal map, we see that � grows at most like r2+O(1) (Corollary 4.11). This
polynomial bound implies that σ grows no faster than logarithmically in y.

This additional quantitative information implies that {x ≥ 6σ(y)} can be conformally
mapped to the quarter-plane with bounded distortion. Using our quadratic bound on the
quarter-plane, we find � � r2 (Lemma 4.12). To conclude, we observe that � �
(x + 1)y on the rays {x = 0}, {x = y}, and {y = 0} while � grows no more than
quadratically in the interior of the acute sectors {x > y} and {x < y}. The Phragmén–
Lindelöf principle [28] thus allows us to extend the estimate � � (x + 1)y from the
boundaries of the sectors to the sectors themselves, and hence to the entire quarter-plane.
Proposition 4.1 follows.

4.2. Monotonicity and Structure. We begin with a general traveling wave� on H
d . We

show that � lies between the two one-dimensional steady states.
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Our argument makes use of the parabolic flow
⎧
⎪⎨

⎪⎩

∂tW = 1
2�W + c∗∂xW + W −W 2 in H

d ,

W (0, · ) = W0 in H
d ,

W = 0 on ∂H
d

(4.2)

corresponding to (1.2), so we first record the well-posedness of (4.2). This is well-known
in the PDE literature, but we provide a proof for completeness.

Proposition 4.2. For each nonnegative W0 in C3(Hd) ∩ C(Hd), (4.2) admits a unique
bounded classical solution.

Proof. Consider a sequence of uniformly smooth bounded domains (�n)n∈N such that
H

d ∩ Bn+1 ⊂ �̄n ⊂ H
d for all n ∈ N. Let W0;n be a nonnegative smooth cutoff of W0

defined so that W0;n ≡ W0 in H
d ∩ Bn , W0;n|∂�n ≡ 0, and ‖W0;n‖∞ ≤ ‖W0‖∞. For

each n, Theorem 14.15 in [24] provides a unique solution Wn in C([0,∞); C1,α(�n) ∩
C2

loc(�n) ∩ C(�̄n)
)

of (the analogue of) (4.2) with initial data W0;n , for some α > 0.
The maximum principle ([24, Corollary 2.5]) ensures that

0 ≤ Wn ≤ ‖W0‖∞ ∨ 1.

Hence local Schauder estimates such as Theorems 4.8 and 4.21 in [24] ensure that
‖Wn‖C1,α(�n)

is uniformly bounded independently of n : ‖Wn‖C1,α(�n)
� 1. We note

that Theorem 4.21 is posed on a domain with flat boundary. To apply it to �n , we
compose Wn with a chart that locally flattens ∂�n . We thus obtain the same bounds as
in the flat case, up to a uniform factor that reflects the regularity of the chart, and thereby
the C3 smoothness of ∂�n . Next, Theorem 5.14 in [24] states that there exists a unique
solution Ŵn of the linear problem

⎧
⎪⎨

⎪⎩

∂t Ŵn = 1
2�Ŵn + c∗∂x Ŵn + Wn −W 2

n in �n,

Ŵn(0, · ) = W0;n in �n,

Ŵn = 0 on ∂�n,

(4.3)

in which we view Wn as external forcing, and ‖Ŵn‖C2,α(�n)
� 1. Now Wn also satisfies

(4.3), so by uniqueness, Wn = Ŵn and ‖Wn‖C2,α(�n)
� 1.

We have now shown that Wn, ∂tWn,∇Wn, and ∇2Wn are uniformly bounded inde-
pendently of n in Hölder spaces.

Using Arzelà–Ascoli and diagonalization, we can thus send n → ∞ and extract a
subsequence of (Wn)n that converges locally uniformly in H

d × [0,∞) to some limit
W , and for which ∂tWn,∇Wn, and ∇2Wn similarly converge to ∂tW,∇W,∇2W . Then
W satisfies (4.2) classically, and

0 ≤ W ≤ ‖W0‖∞ ∨ 1.

For equations in the whole space, this construction by exhaustion can be found in
the proof of Theorem 8.1 in [22]. That theorem also derives the uniqueness of bounded
solutions from a maximum principle in unbounded domains. The boundary plays no role
in the proof of said maximum principle, so the uniqueness quoted in [22, Theorem 8.1]
holds in H

d as well. ��
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Lemma 4.3. If � is a traveling wave on H
d , then 0 < � < ϕ.

Proof. Because � is bounded by hypothesis, we can apply a de Giorgi estimate up
to the boundary such as [10, Theorem 8.29] to conclude that � is uniformly Hölder
continuous. Then a boundary Schauder estimate like [10, Theorem 6.6] implies that �
is in fact uniformly C2,α . In particular, both � and ∂y� are uniformly bounded. Since
ϕ(∞) = 1 and ϕ′(0) > 0, it follows that

�(x, x′, y) ≤ Kϕ(y)

for some K ≥ 1 and all (x, x′, y) ∈ H
d .

In the following, given t ≥ 0 and nonnegative W0 ∈ C3(Hd) ∩ C(Hd), let PtW0 :=
W (t, · ) denote the unique bounded classical solution of (4.2). This is well-defined
thanks to Proposition 4.2. Because Kϕ ∈ C3(Hd)∩C(Hd) is a supersolution of (4.2), its
evolutionPt (Kϕ) is decreasing in t , and thus has a nonnegative bounded limitP∞(Kϕ)
solving (1.3). On the other hand, ϕ is a steady solution of (4.2) and Kϕ ≥ ϕ, so the
comparison principle implies that P∞(Kϕ) ≥ ϕ > 0. Thus P∞(Kϕ) is a bounded
positive solution of (1.3). By Theorem 1.1(A) of [4], the only such solution is ϕ. Now
� is also a steady solution of (4.2), so comparison yields

� =P∞� ≤P∞(Kϕ) = ϕ.

Since � is neither 0 nor ϕ, the lemma follows from the strong maximum principle (see,
for example, [10, §3.2]).

We now show that minimal-speed waves have the expected monotonicity. Our argument
follows the proof of Lemma 5.1 in [12], which establishes the analogous result in the
whole space.

Proposition 4.4. Let � be a traveling wave on H
d of speed c∗ =

√
2. Then ∂x� < 0,

∂y� > 0, and ∇x′� = 0. Moreover, ∂x log� ≥ −√2.

Proof. Take θ = (θx , θx′ , θy) ∈ Sd−1. We write ∂θ := θ ·∇ for the derivative in direction
θ . We wish to show that ∂θ� ≥ 0 when θx ≤ 0 and θy ≥ 0. To this end, suppose θy ≥ 0
and inf ∂θ� < 0. We then show that θx > 0.

Define

v := ∂θ�

�
= ∂θ log�.

When y ≥ 1, Schauder and Harnack estimates imply that v is uniformly bounded (see,
for example, Theorem 6.2 and Corollary 9.25 in [10]). On ∂H

d , we have� = 0 and hence
∂x� = ∇x′� = 0, while the Hopf lemma yields ∂y� > 0. (Here we use Lemma 4.3
to apply [10, Lemma 3.4], with a sign opposite that in the text.) Because θy ≥ 0, it
follows from elliptic estimates up to the boundary that v− is uniformly bounded where
0 < y < 1. Thus v− is uniformly bounded. Because ∂θ� < 0 somewhere, we have

inf v = −m
for some m ∈ R+. Thus there exists (xn)n∈N ⊂ H

d such that v(xn)→ −m as n →∞.
Define �n := �( · + xn) and vn := v( · + xn) for n ∈ N. We consider several cases
depending on whether �n or yn vanishes in the limit.
Case 1: First suppose �n does not vanish locally uniformly as n → ∞ along any
subsequence and lim supn→∞ yn > 0. Restricting to a subsequence, we can assume
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infn yn > 0. Schauder estimates allow us to extract subsequential limits y∞ ∈ (0,∞],
�∞ �≡ 0, and v∞ of (yn, �n, vn)n∈N such that v∞(0) = −m = min v∞. One can easily
check that these satisfy

1

2
�v∞ +

∇�∞
�∞

· ∇v∞ + c∗∂xv∞ −�∞v∞ = 0 (4.4)

in the domain H
d− y∞ey under the convention that H

d−∞ey = R
d . Since v∞ achieves

its minimum at the origin, ∇v∞(0) = 0 and �v∞(0) ≥ 0. Then v∞(0) < 0 and (4.4)
imply that �∞(0) = 0. This contradicts the strong maximum principle, as �∞ ≥ 0 and
we have assumed �∞ is not identically zero. So this case does not occur.
Case 2: Still assuming �n does not vanish locally uniformly along any subsequence,
suppose yn → 0. Boundary elliptic estimates imply that v → ∞ locally uniformly as
y → 0 if θy > 0. From the definition of xn , we must have θy = 0 in this case.

Now v∞ satisfies (4.4) on H
d . This case is more delicate because �∞|∂Hd = 0,

so (4.4) is singular at the boundary. Nonetheless, we show that one can resolve the
singularity. Let � := ∂y�∞|y=0 > 0, which is a function of (x, x′). Evaluating (1.2) at
y = 0 and taking a limit, we see that ∂2

y�∞|y=0 = 0. By Taylor’s theorem, there exist

a nonempty connected neighborhood U of 0 in H
d and � ∈ C∞(U ) such that

�∞ = �y + �y3 in U. (4.5)

We now consider the advection term in (4.4). The ratio (∇x,x′�∞)/�∞ is bounded on
U , so the only component of concern is ∂y�∞/�∞. Indeed, ∂y�∞ > 0 while�∞ = 0
on ∂H

d . However, we can use (4.5) to compute

∂yv∞ = ∂y

(
∂θ�∞
�∞

)
= 2�−2(�∂θ� − �∂θ�)y + O(y2) in U. (4.6)

We then find

∂y�∞
�∞

∂yv∞ = 2�−2(�∂θ� − �∂θ�) + O(y) in U.

Likewise,
∂2
yv∞ = 2�−2(�∂θ� − �∂θ�) + O(y) in U.

We thus conclude that

∂y�∞
�∞

∂yv∞ = ∂2
yv∞ + O(y) in U

Thus this singular first-order term acts like a regular second-order term. Perhaps after
shrinking U , we are free to assume that v∞ ≤ −m/2 on U . We can thus multiply and
divide the O(y) error term by v∞ to write (4.4) as
(

1

2
� + ∂2

y

)
v∞+

(
∂x�∞
�∞

+ c∗
)
∂xv∞+

∇x′�∞
�∞

·∇x′v∞−
[
�∞+O(y)]v∞ = 0. (4.7)

The coefficients in this operator are bounded and 1
2�+∂2

y is (uniformly) elliptic. Consider
(4.7) at the origin. There v∞ achieves its negative minimum and (4.6) implies that
∂yv∞(0) = 0. By the Hopf lemma, v ≡ −m inU . Using this in (4.4), we obtain�∞ = 0
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in U , which contradicts the strong maximum principle, as �∞ �≡ 0 by hypothesis. So
this case does not occur.

Case 3: Next, suppose we can restrict to a subsequence along which �n → 0 locally
uniformly and lim supn→∞ yn > 0. Further restricting, we may assume infn yn > 0.
We define

wn := �( · + xn)
�(xn)

e
√

2x

and extract subsequential limits y∞ ∈ (0,∞] and w∞. The latter satisfies w∞(0) = 1
by construction. Because �(xn)→ 0, we are in a linear regime and w∞ is harmonic:

�w∞ = 0 in H
d − y∞ey .

Moreover, when y∞ < ∞, w∞ = 0 on the boundary y = −y∞. Positive harmonic
functions satisfying the Dirichlet condition are unique up to scaling [3, Theorem 7.22].
Since w∞(0) = 1, we can identify w∞ = y+y∞

y∞ if y∞ < ∞ and w∞ = 1 if y∞ = ∞.
In each case, ∂θw∞(0) ≥ 0 because θy ≥ 0. On the other hand, v(xn)→ −m implies
that

0 ≤ ∂θw∞(0) = −m +
√

2θx .

We conclude that θx > 0 and m ≤ √2θx .
Case 4: Finally, suppose we can restrict to a subsequence along which �n → 0 locally
uniformly and yn → 0. Then we define

w̃n := �( · + xn)
�(xn + ey)

e
√

2x

and extract a subsequential limit as above. We have w̃∞(ey) = 1, �w̃∞ = 0, and
w̃∞|∂Hd = 0. It follows that w̃∞ = y and ∂θ w̃∞(0) ≥ 0. Reasoning as above, we again
obtain θx > 0 and m ≤ √2θx .

We have now shown that ∂θ� ≥ 0 whenever θy ≥ 0 and θx ≤ 0. It follows that
∂x� ≤ 0 and ∂y� ≥ 0. If we take θx = θy = 0,

0 ≤ ∂−θ� = −∂θ� ≤ 0.

That is, ∂θ� = 0, meaning ∇x′� = 0. Finally, � cannot be constant in y, so the strong
maximum principle implies that ∂y� > 0. Similarly, if ∂x� = 0, then it is a bounded
positive steady state of the KPP equation on the half-line. The unique such solution is
ϕ, and we have assumed that � �≡ ϕ. It follows that � is nonconstant in x as well, so
∂x� < 0.

Finally, we showed above that m = m(θ) ≤ (
√

2θx )+. Taking θ = ex so θx = 1, we
see that m ≤ √2. Recalling the definition of m, we have

inf ∂x log� ≥ −√2.

��
Since� is constant in x′, we can drop those variables. In the remainder of the paper, we
assume d = 2, so � is a traveling wave on H := R×R+ and thus a function of (x, y).
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Fig. 2. Parametrization of the level set {� = s} by σs

Corollary 4.5. For all � ≥ 0, the limits

lim
x→−∞�(x, · ) = ϕ and lim

x→+∞�(x, · ) = 0

hold in C1([0, �]).
Proof. Because � is bounded and monotone in x , the limits limx→±∞� exist and are
bounded steady states of the KPP equation on R+. Moreover, �|x=−∞ > �|x=+∞.
The only two bounded steady states on R+ are ϕ and 0. The corollary follows from the
uniform continuity of � and its derivatives. ��
We next consider the behavior far from the boundary. In the following, we use the
notation Os(y) to indicate a function f (s, y) such that f (s, y)/y → 0 as y → ∞
pointwise (but not necessarily uniformly) in s. Recall that wc∗ is the unique minimal-
speed one-dimensional traveling wave satisfying (1.14).

Lemma 4.6. For all s ∈ (0, 1), the level set �−1(s) can be expressed as the (rotated)
graph {x = σs(y)} of a locally smooth and increasing function σs : (ϕ−1(s),∞)→ R.
It satisfies σ ′s → 0 and hence σs(y) = Os(y) as y →∞.

Moreover, for all k ≥ 0,

lim
�→∞

∥∥∥�(x, y)− wc∗
(
x − σs(y) + w−1

c∗ (s)
)∥∥∥Ck (R×[�,∞))

= 0.

We depict σs in Fig. 2.

Proof. Fix s ∈ (0, 1). Due to ∂x� < 0 (from Proposition 4.4) and Corollary 4.5,
�−1(s) ⊂ {y > ϕ−1(s)} and for each y ∈ (ϕ−1(s),∞), there is a unique x ∈ R such
that �(x, y) = s. Let σs(y) denote this value of x . Because ∂x� < 0, the implicit
function theorem ensures that σs is locally smooth. We note that the “local” qualifier
is necessary because σs → −∞ as y ↘ ϕ−1(s). In any case, ∂y� > 0 implies that
σ ′s > 0.

We now consider the limiting behavior of σs at infinity. Given a sequence (yn)n∈N
tending to infinity, define �n := �

( · +(σs(yn), yn)
)
. Then �n(0) = s for all n ∈ N.

Taking n → ∞, we can extract a locally uniform subsequential limit �∞ that solves
the traveling wave PDE (1.2) on the whole space R

2. The limit satisfies �∞(0) = s, so
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�∞ is neither identically 0 nor 1. By Theorem 1.7(i-c) in [12], �∞ is a function of x
alone. It follows that

�∞(x, y) = wc∗
(
x + w−1

c∗ (s)
)
.

Because the limit is unique, we have �
(
x + σs(y′), y + y′

)→ wc∗
(
x +w−1

c∗ (s)
)

locally
uniformly in (x, y) as y′ → ∞. In fact, Schauder estimates imply that this convergence
holds locally uniformly in Ck for every k ≥ 1. Hence

∇�(σs(y), y
)→ w′c∗

(
w−1
c∗ (s)

)
ex as y →∞.

Since {x = σs(y)} is a level set of �, the above gradient is orthogonal to the tangent
vector

(
σ ′s(y), 1

)
. Because w′c∗

(
w−1
c∗ (s)

) �= 0, it follows that σ ′s → 0 as y → ∞, and
hence σs(y) = Os(y) as y →∞.

We have now shown that

lim
y→∞

∥∥∥�(x, y)− wc∗
(
x − σs(y) + w−1

c∗ (s)
)∥∥∥Cx ([−L ,L]) = 0

for all L > 0. Dini’s second theorem allows us to upgrade the uniformity in x from local
to global [29, pp. 81, 270]. We apply it on the compactification [−∞,∞], and must thus
verify that

�(±∞, y)→ wc∗(±∞) as y →∞. (4.8)

Corollary 4.5 states that �(−∞, y) = ϕ(y) and �(+∞, y) = 0. Moreover, ϕ(y)→ 1
as y → ∞, while wc∗(−∞) = 1 and wc∗(+∞) = 0. This confirms the endpoint
convergence (4.8), so Dini yields

lim
y→∞

∥∥
∥�(x, y)− wc∗

(
x − σs(y) + w−1

c∗ (s)
)∥∥
∥Cx (R)

= 0.

Taking the limit superior in y, we are free to write this as

lim
�→∞

∥∥∥�(x, y)− wc∗
(
x − σs(y) + w−1

c∗ (s)
)∥∥∥C(R×[�,∞))

= 0.

The higher-regularity statements then follow from Schauder estimates. ��
In the remainder of the section, we take s = 1/2 and define σ(y) := σ1/2(y) by
u(σ (y), y) = 1/2. We often make use of its positive part

σ+(y) := max{σ(y), 0}. (4.9)

4.3. A subsolution. Our analysis of � hinges on the heuristic that � roughly decays
like e−

√
2x to the right of its 1/2-level set {x = σ(y)}. This decay was foreshadowed

in Proposition 4.4, which states that ∂x log� ≥ −√2. We now show a complementary
fact: � cannot decay at a rate much slower than

√
2.

Lemma 4.7. For all ε ∈ (0, 2−1/2], x ∈ R, y ≥ 1, and � ≥ 0,

min
{

e(
√

2−ε)��(x + �, y), 1
}

�ε �(x, y) ≤ e
√

2��(x + �, y). (4.10)
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Our key tool is a compactly-supported subsolution that varies in time. It will move to
the left while growing exponentially. By deploying this subsolution beneath �, we will
find that � cannot decay too slowly, for otherwise its level set will be far to the right of
the true location σ . Thus, somewhat counterintuitively, we use a subsolution to prove
an upper bound.

Our traveling wave � can be viewed as a solution of the KPP equation (1.1) moving
with velocity c∗ex . That is, �(x − c∗tex ) solves (1.1). Our left-moving subsolution is
based on a compactly-supported subsolution of (1.1) that moves at a slower speed but
grows exponentially in time.

Let

A := ∂t − 1

2
�− 1

denote the parabolic operator corresponding to the linearization of (1.1) about 0. Given
c > 0, let (Scz)(t, x) := e−c(x−ct)z(t, x − ctex ) denote an exponential tilt followed by
a shift into the frame moving at velocity cex . Then one can check that

S−1
c ASc = ∂t − 1

2
� +

c2 − c2∗
2

. (4.11)

Thus this tilt and shift merely change A by a multiple of the identity.
Let ψ > 0 denote the principal Dirichlet eigenfunction of − 1

2� on the unit ball
B1 ⊂ R

2 normalized by ψ(0) = ‖ψ‖∞ = 1. We extend ψ by 0 to the entire plane R
2.

Letμ denote the corresponding principal eigenvalue. Given R > 0, the dilationψ( · /R)
is the principal eigenfunction on the R-ball BR with principal eigenvalue μ/R2.

Recall that we are looking for a compactly-supported subsolution that moves at a
speed c < c∗ and grows in time. In this spirit, we will choose c < c∗, λ > 0, and R > 0
such that

eλtφ
( x
R

)

lies in the nullspace of S−1
c ASc. In light of (4.11), this is equivalent to

λ +
μ

R2 −
c2∗ − c2

2
= 0. (4.12)

Ultimately, we wish to show that solutions� of (1.2) decay like e−
√

2x . When we deploy
our subsolution in (1.2), it will move to the left at the relative speed ε := c∗ − c > 0. In
time 1, it will move distance ε to the left and grow by a factor of eλ. We can interpret
this as spatial decay at rate λ/ε. If we want to prove exponential decay of rate

√
2, we

want λ/ε to be close to
√

2. Rearranging the dispersion relation (4.12), we want

1 � √
2− λ

ε
= μ

εR2 +
ε

2
. (4.13)

Thus to obtain the bounds we desire, we must use a large radius (and a very flat eigen-
function), weak exponential growth, and a speed slightly slower than c∗. We choose R
and λ so that the two terms on the right of (4.13) are equal. Expressing our parameters
in terms of ε, we choose

cε := c∗ − ε, λε := ε(c∗ − ε) = εcε, and Rε :=
√

2μ

ε
. (4.14)
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Applying Sc, we see that

vε(t, x) := exp [λεt − cε(x − cεt + Rε)]φ

(
x − cεtex

Rε

)

satisfies Avε = 0. That is, vε solves the linearization of (1.1) about 0. We must now
account for the nonlinear absorption in the full equation. Since our solutions of (1.1) lie
between 0 and 1, vε is certainly a poor approximate solution when it exceeds 1. Thus
in practice, we use a small multiple αvε on a time interval that ensures that αvε ≤ 1,
namely 0 ≤ t ≤ λ−1

ε logα−1. To handle the nonlinear absorption on this interval, we
multiply αvε by a time-dependent factor b(t) ≤ 1. A simple computation shows that
αbvε is a subsolution of the full equation (1.1) provided

ḃ ≤ −αb2eλε t .

Taking b(0) = 1 and solving the corresponding ODE, we choose

bαε (t) :=
[
1 + αλ−1

ε

(
eλε t − 1

)]−1
.

We observe that

bαε (t) >
1

1 + λ−1
ε

when αeλε t = 1.

It only remains to shift into the c∗ex -moving frame. We define

wαε (t, x) := αbαε (t) exp [λεt − cε(x + εt + Rε)]φ

(
x + εtex

Rε

)
.

Then for all α ∈ [0, 1] and t ∈ [0, λ−1
ε logα−1], wαε is a subsolution of the parabolic

traveling wave equation

∂tW = 1

2
�W + c∗∂xW + W −W 2.

Assuming ε ≤ 2−1/2 and t ≤ λ−1
ε logα−1, we have

εα

3
e−2cεRεeλε tφ

(
x + εtex

Rε

)
≤ wαε (t, x) ≤ αeλε t1BRε (−εt,0). (4.15)

Proof of Lemma 4.7. Using Proposition 4.4, we have

log
�(x + �, y)

�(x, y)
=
∫ �

0
∂x log�(x + �′, y) d�′ ≥ −√2�.

This establishes the right bound in (4.10). For the left bound, we take cε, λε, Rε as in
(4.14). By Harnack (using y ≥ 1), there exists kε independent of (x, y) such that

� ≥ kε�(x + �, y)1BRε (x+�,y+Rε) and �(x, y) ≥ kε�(x, y + Rε). (4.16)

It follows from (4.15) that

� ≥ wαε (0, · − (x + �, y + Rε))

for
α = kε�(x + �, y).
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We allow time to evolve until

t∗ := min

{
�

ε
, λ−1

ε logα−1
}
.

First suppose t∗ = �/ε. Rearranging the definitions of α and t∗, we note that in this case

�(x + �, y)e(
√

2−ε)� ≤ k−1
ε . (4.17)

Now, the comparison principle and (4.15) yield

� ≥ wαε
(
�/ε, · − (x + �, y + Rε)

) ≥ εα

3
e−2cεRεe(

√
2−ε)�φ

( · − (x, y + Rε)

Rε

)
.

In particular,

�(x, y + Rε) ≥ εα

3
e−2cεRεe(

√
2−ε)�

Thus by (4.16), we have

�(x, y) ≥ εkεα

3
e−2cεRεe(

√
2−ε)�

= εk2
ε

3
e−2cεRεe(

√
2−ε)��(x + �, y) �ε e(

√
2−ε)��(x + �, y).

On the other hand, if t∗ = λ−1
ε logα−1 < �/ε, let x∗ := x + � − εt∗ > x . Then the

comparison principle and (4.15) imply that

�(x∗, y + Rε) ≥ wαε
(
t∗, x∗ − (x + �), 0

) ≥ ε

3
e−2cεRε .

Since � is decreasing in x , we have

�(x, y + Rε) ≥ �(x∗, y + Rε) ≥ ε

3
e−2cεRε .

Finally, (4.16) yields

�(x, y) ≥ kε�(x, y + Rε) ≥ εkε
3

e−2cεRε �ε 1.

Together with (4.17), these two alternatives imply the left bound in (4.10). ��

4.4. Potential theory. We now examine the behavior of� to the right of σ in detail. By
Lemma 4.7, � roughly decays like e−

√
2x there. It is helpful to remove this decay from

our analysis, so we define

�(x, y) := e
√

2x�(x, y).

Then Lemma 4.7 yields particularly simple bounds for �. Recall the level curve σ and
its positive part σ+ from (4.9).

Lemma 4.8. Fix ε ∈ (0, 2−1/2] and � ≥ 0. Then if x ≥ σ+(y),

�(x, y) ≤ �(x + �, y) �ε eε��(x, y). (4.18)
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In particular, � grows subexponentially in x where x ≥ σ+(y).

Proof. We first observe that Proposition 4.4 implies that ∂x� ≥ 0. Thus we need only
show the right inequality.

We claim that�(z +σ+(y), y)→ 0 as z →∞ uniformly in y. To see this, fix δ > 0.
By Lemma 4.6, there exists y′ > 0 such that

sup
R×[y′,∞)

∣∣∣�
(
z + σ(y), y

)− wc∗
(
z + w−1

c∗ (1/2)
)∣∣∣ ≤ δ

2
.

Since wc∗(+∞) = 0, there exists L > 0 such that

�(z + σ(y), y) ≤ δ

for all z ≥ L and y ≥ y′. On the other hand, Corollary 4.5 states that� → 0 as x →∞
uniformly in y ∈ [0, y′], which proves the claim.

Now fix ε ∈ (0, 2−1/2] and � ≥ 0. Let kε denote the implicit constant in (4.10) from
Lemma 4.7, so that

�(x, y) ≥ kε min
{

e(
√

2−ε)��(x + �, y), 1
}

for y ≥ 1. By the uniform decay shown above, there exists Lε > 0 such that �(x, y) <
kε when x ≥ Lε + σ+(y). In this case we must have

�(x, y) ≥ kεe
(
√

2−ε)��(x + �, y).

Multiplying by e
√

2x and rearranging, we obtain (4.18) for all x ≥ Lε +σ+(y) and y ≥ 1.
Using interior Harnack, we can extend the bound to all x ≥ σ+(y).

It remains to treat y ∈ (0, 1]. Here, boundary Harnack estimates imply that�(x, y) �
�(x, 1)y, where f � g indicates that C−1 f ≤ g ≤ C f for some C ∈ [1,∞). Using
our result at y = 1 and multiplying by y, we obtain (4.18) for y ∈ (0, 1) as well. ��
Now, the tilted wave � solves

−1

2
�� = −F := −e−

√
2x�2. (4.19)

The essential point is that F decays exponentially in x , so � is “almost harmonic.” We
use this property repeatedly to constrain � in the quarter-plane Q := R

2
+.

We perform much of our analysis in the region � := {x > 6σ+(y)}, which is
somewhat smaller than {x > σ+(y)}. This is convenient for the following reason. When
x > σ+, Lemma 4.8 implies that

�(x, y) �ε eε(x−σ+)�(σ+, y) �ε exp
[
ε(x − σ+) +

√
2σ+

]
.

Hence

e−
√

2x�2 �ε exp
[
2ε(x − σ+)+2

√
2σ+ −

√
2x
]

= exp
[
−(√2− 2ε)x + 2(

√
2− ε)σ+

]
.
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On the more restrictive domain �, we have x ≥ x/2 + 3σ+, so for ε � 1,

F = e−
√

2x�2 � e−x/2. (4.20)

Thus � is almost harmonic in a quantitative sense in �.
In the following, let G�

z (x) denote the Dirichlet Green function of− 1
2� on a domain

�, so that − 1
2�G�

z = δz and G�
z |∂�∪{∞} = 0 for all z = (u, v) ∈ �. We claim that

�F (x) :=
∫

�

F(z)G�
z (x) dz <∞.

To see this, note that � ⊂ R+ ×R, so by comparison G�
z ≤ GR+×R

z . Moreover, we can
check that

∫
R
GR+×R
(u,v) (x, y) dv = GR+

u (x). Hence (4.20) yields

�F (x) =
∫

�

F(z)G�
z (x) dz �

∫

R+×R
e−u/2GR+×R

z (x) dz =
∫

R+

e−u/2GR+
u (x) du.

We can explicitly compute GR+
u (x) = 2(x∧u) ≤ 2u,which is clearly integrable against

a decaying exponential. Thus �F is finite and, in fact, uniformly bounded.
Now − 1

2��F = F , so by (4.19), �̄ := � +�F satisfies

{
��̄ = 0 in �,
�̄ = � on ∂�.

Note that�,�F > 0 in�, so �̄ > 0 is a positive harmonic function in�. We now recall
that � = {x > 6σ+(y), y > 0} and σ(y) = O(y). Hence at a large scale, � resembles
the quarter-plane Q := R

2
+. We thus expect �̄ to share its large-scale behavior with

positive harmonic functions on the quarter-space. To show this, we conformally map �̄
to the quarter-plane. The following lemma shows this can be done with little distortion.

Lemma 4.9. There exists a conformal bijection f : Q → � such that f (0) = 0,
f (∞) = ∞, and for all ε > 0,

‖x‖−ε �ε

‖ f (x)‖
‖x‖ �ε ‖x‖ε . (4.21)

Proof. We view� andQ as subsets of the complex plane C, on which we use coordinates
z = u +iv. Then log is a conformal bijection from Q to the straight strip {0 < v < π/2}.
We likewise apply log to �. Given u > 0, define

ς(u) := arccot

(
6σ+(yu)

yu

)
,

where yu > 0 satisfies
[6σ+(yu)]2 + y2

u = e2u .

The height yu exists uniquely for each u ∈ R because σ ′ > 0. Thus ς(u) ≤ π/2 is the
argument of the unique point on the curve {x = 6σ+} whose radial coordinate is eu . It
follows that log is a conformal bijection from � to the curvilinear strip S := {0 < v <
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ς(u)}. Because σ+ ≡ 0 for y ≤ ϕ−1(1/2), we have ς ≡ π/2 when u ≤ logϕ−1(1/2).
In the other direction, σ = O(y) as y →∞, so yu ∼ eu and

π

2
− ς(u) ∼ 6e−uσ(eu)→ 0 as u → +∞.

Thus S resembles the straight strip {0 < v < π/2} when |u| � 1. It is therefore
reasonable to expect that there is a conformal bijection g : {0 < v < π/2} → S with
low distortion at infinity. This is a well-studied problem in potential theory. There exists
a conformal bijection g with g(±∞) = ±∞, and Warschawski showed that g(z) ∼ z
at infinity [34, Theorem X]. In particular,

|Re g(z)− u| = O(u). (4.22)

We now define the conformal bijection f := exp ◦g◦log : Q→ �. Then (4.22) becomes
(4.21). The fixed points ±∞ in the strip correspond to 0 and∞ in the quarter-plane. ��
Employing this conformal map, �̄ ◦ f becomes a positive harmonic function on the
quarter-plane. This allows us to constrain the growth of �̄. In the following, let 〈x〉 :=
(‖x‖2 + 1)1/2.

Lemma 4.10. Let h ∈ C(H̄) be a positive harmonic function onQ that is nondecreasing
in ‖x‖ on ∂Q. Then h(x) � 〈x〉2 on Q.

Proof. Let ζ : Q→ H denote the square map ζ(z) := z2, and let H := h ◦ ζ−1. Then
H is a positive harmonic function on H such that H(x, 0) is nondecreasing in |x |. We
wish to show that H(x) � 〈x〉 on H. The lemma will then follow, as h = H ◦ ζ .

We rely on a representation theorem of Herglotz (due independently to Herglotz [17]
and F. Riesz [31]), which can be found as Theorem 7.26 in [3]. There exists a constant
A ≥ 0 such that

H(x, y) = Ay +
y

π

∫

R

H(t, 0) dt

(x − t)2 + y2 . (4.23)

As a consequence, ∫

R

H(t, 0)

t2 + 1
dt <∞. (4.24)

Since H( · , 0) is nondecreasing on R+, we have
∫ 2x

x

H(t, 0)

t2 + 1
dt ≥ H(x, 0)

∫ 2x

x

dt

t2 + 1
� H(x, 0)

x
for all x ≥ 1.

By (4.24), the left side tends to 0 as x →∞. It follows that H(x, 0) � x as x →∞,
though we will only use the weaker bound H(x, 0) � x . By symmetry,

H(x) � 〈x〉 on ∂H. (4.25)

Now suppose |x | ≤ my for fixed m > 0. Then

t2 + y2

(x − t)2 + y2 =
(t/y)2 + 1

(x/y − t/y)2 + 1
�m 1.

It follows that
1

π

∫

R

H(t, 0) dt

(x − t)2 + y2 �m

∫

R

H(t, 0)

t2 + y2 dt.
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By (4.24) and dominated convergence, the integral on the right tends to 0 as y → ∞.
Thus the integral term in (4.23) is negligible as we approach infinity in H from a direction
that is not tangent to ∂H. That is:

H(x, y) ∼m Ay as y →∞ if |x | ≤ my. (4.26)

In particular,
H(x) �m 〈x〉 in {|x | ≤ my}. (4.27)

We now consider H on Q. Recalling the square map ζ(z) = z2, let J := H ◦ ζ−1,
which is a positive harmonic function on H. By (4.25) and (4.27), H(x) � 〈x〉 on ∂Q
and on the ray {x = y}. It follows that

J (x) � 〈x〉1/2 on ∂H (4.28)

and on the ray {x = 0}, which is the image of {x = y} under ζ . Now J must also admit
a Herglotz representation, but we know that J � y on the y-axis. By (4.26), we see that

J (x, y) = y

π

∫

R

J (t, 0) dt

(x − t)2 + y2 .

Using (4.28), we find

J (x, y) � y
∫

R

1 +
√|t | dt

(x − t)2 + y2

� 1 +
√
y
∫

R

√|s + x/y| ds

s2 + 1
� 1 +

√|x | +
√
y � 〈x〉1/2. (4.29)

Transferring this bound to H = J ◦ζ , we find H(x) � 〈x〉 on Q. A symmetric argument
on the left quadrant R−×R+ shows that this holds on the entire half-plane H, as desired.

Corollary 4.11. For all ε > 0,

�̄(x) �ε 〈x〉2+ε in �. (4.30)

Moreover, as y →∞, σ(y) ≤ [√
2 + O(1)

]
log y.

Proof. Recall the conformal bijection f : Q→ � from Lemma 4.9. Then h := �̄ ◦ f
is a positive harmonic function on Q that is continuous on Q̄. By Proposition 4.4, � is
increasing in x and y. Sinceσ ′ > 0, it follows that y �→ �

(
6σ+(y), y

)
is increasing. Now

�̄ = � where x = 6σ+(y), so y �→ h(0, y) is likewise increasing. Also, h(x, 0) = 0
for x ≥ 0. We conclude that h is nondecreasing in ‖x‖ on ∂Q. Thus by Lemma 4.10,
h(x) � 〈x〉2 in H. Then Lemma 4.9 yields (4.30).

We now turn to σ . By the definition of σ , Lemma 4.8, and (4.30), we have

1

2
e
√

2σ(y) = �
(
σ(y), y

) ≤ �
(
6σ(y), y

) ≤ �̄
(
6σ+(y), y

)
�ε y2+ε

for y sufficiently large. It follows that σ(y) ≤ (√
2 + ε

)
log y +Oε(1) as y →∞ for all

ε > 0. ��
Soft arguments implied thatσ is sublinear. Using potential theory, we have now improved
this to a logarithmic upper bound. In turn, this quantitative sublinearity allows us to refine
Corollary 4.11.



KPP Traveling Waves in the Half-Space Page 33 of 53   275 

Lemma 4.12. We have �(x) � 〈x〉2 on Q.

Proof. Let � := {x > 10 log+ y}. By Corollary 4.11, �̄\� is a bounded, and thus
compact, region. Thus (4.20) yields F � e−x/2 on �. We define ��

F :=
∫
�
F(z)G�

z ,
which is positive and uniformly bounded on � by the reasoning following (4.20). Let
�� := � +��

F , which is a positive harmonic function on �.
Following the proof of Lemma 4.9, the logarithm maps � to a curvilinear strip

S = {0 < v < θ(u)}, where θ(u) is the argument of the unique point on the curve {x =
10 log+ y} of radius eu . Now, the logarithmic boundary of � allows us to conclude that

π

2
− θ(u) ∼ 10ue−u and θ ′(u) ∼ 10ue−u as u →∞

while θ(u) ≡ π/2 and θ ′(u) ≡ 0 for sufficiently negative u. Then Theorem IX of [34]
provides a conformal bijection g : {0 < v < π/2} → S such that g(±∞) = ±∞ and

g(z) = z + log λ + O(1) as u →∞
for some λ ∈ R+. It follows that f � : Q→ � given by f � := exp ◦g ◦ log satisfies

‖ f (x)‖ ∼ λ ‖x‖ as ‖x‖ → ∞. (4.31)

Now let h := �� ◦ f �. Following the proof of Corollary 4.11, we see that h satisfies
the hypotheses of Lemma 4.10. Hence h(x) � 〈x〉2, and (4.31) implies that � ≤ �� �
〈x〉2 on �. Using Lemma 4.8, we further have

�(x, y) ≤ �(10 log+ y, y) � 〈y〉2
on Q \� = {0 < x < 10 log+ y}. The lemma follows.

We can finally establish the main result of the section.

Proof of Proposition 4.1. The first parts of the proposition follow from Lemma 4.3,
Proposition 4.4, and Corollary 4.5. Thus it remains only to verify (4.1).

Lemma 4.12 and the C1 regularity of � near ∂H imply that for all x, y > 0,

�(x, x) � (x + 1)x, (4.32)

�(0, y) � y ∧ 1,

�(x, 0) = 0. (4.33)

We divide Q into two sectors �1 := {x > y > 0} and �2 := {0 < x < y} each of
opening angle π

4 . Using (4.32)–(4.33), there exists C > 0 such that

�(x, y) ≤ C(x + 1)y on ∂�1 ∪ ∂�2.

Let �̃(x, y) := �(x, y) − C(x + 1)y, so �̃ ≤ 0 on ∂�1 ∪ ∂�2. By (4.19), �̃ is
subharmonic on Q. Moreover, Lemma 4.12 implies that �̃ � 〈x〉2. Now, there exist
positive harmonic functions hi on �i such that hi (x) � 〈x〉2 on �̄i . For instance, we
can use a suitable rotation of Re zα for any α ∈ (2, 4). Thus by the Phragmén–Lindelöf
principle for subharmonic functions (see, for example, [30, Theorem 2.18]), �̃ ≤ 0 on
�i for each i ∈ {1, 2}. That is,

�(x, y) ≤ C(x + 1)y on Q.

Recalling that � = e−
√

2x�, we obtain (4.1) on Q. On the other hand, boundary
Schauder estimates imply that � � y ∧ 1 on R− × R+ Hence �(x, y) � ye−

√
2x on

R− × R+. This completes the proof of the proposition.
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5. Uniqueness of Minimal-Speed Traveling Waves

We can now establish the uniqueness portion of Theorem 1.1.

Proposition 5.1. If� is a traveling wave inH of speed c∗ =
√

2, then there exists κ > 0

such that �(x, y) = 1− Ey exp
(
−κe−

√
2x Z∞

)
. In particular,

�(x, y) = �
(
x − 1√

2
log κ, y

)
on H.

That is, up to x-translation, � is the unique traveling wave of speed c∗.
The proof of Proposition 5.1 follows the method described in [1] to identify the fixed

points of the smoothing transform. We use the arbitrary traveling wave � to construct a
product martingale, sometimes called thedisintegrationmartingale. The tameness bound
(4.1) allows us to associate this multiplicative martingale with a harmonic function in
the quadrant with Dirichlet conditions. Such functions are unique up to a multiplicative
constant; this allows us to identify � as a shift of �.

Proof. Let � be a traveling wave in H of speed
√

2. Using the McKean representation
(Proposition 3.1), we observe that for all (x, y) ∈ H and t ≥ 0,

1−�(x, y) = Ey

⎛

⎝
∏

u∈N +
t

[
1−�(√2t + x − Xt (u),Yt (u)

)]
⎞

⎠ . (5.1)

Hence the branching property of the BBM implies that

Tt (x) :=
∏

u∈N +
t

[
1−�(√2t + x − Xt (u),Yt (u)

)]

is a bounded martingale under law Py . We denote by T∞(x) its almost sure limit. This
is sometimes called the disintegration of the function �.

We now introduce a shaved version of this martingale. Given α > 0 and x ∈ R, let

N +,α
t (x) := {

u ∈ N +
t : Xs(u) ≤

√
2s + x + α for all s ≤ t

}
.

It is a straightforward consequence of (5.1) that

T αt (x) :=
∏

u∈N +,α
t (x)

[
1−�(√2t + x − Xt (u),Yt (u)

)]

is a bounded submartingale. Indeed, we take the multiplicative martingale T and delete
terms when the corresponding particle reaches the line

√
2s + x + α. At such times T α

jumps up, and is thus a submartingale. As a result, this process converges Py-a.s. and in
L1 to a nondegenerate limit that we denote by T α∞(x).

Using the branching property, one can check that T α∞ satisfies the following almost
sure recursion:

T α∞(x) =
∏

u∈N +,α
t (x)

T α,u∞
(√

2t + x − Xt (u)
)
. (5.2)

The random variables
(
T α,u∞ ; u ∈ N +,α

t (x)
)

are conditionally independent given Ft and
T α,u∞ shares the law of T α∞ under PYt (u).
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Now, Proposition 4.1 states that � � (x+ + 1)ye−
√

2x . We use this to argue that for
all x ≥ −α and y ≥ 0,

− log T α∞(x) ≤ 2Ce−
√

2x Zα∞ a.s. (5.3)

In the following, let

Bt :=
{
u ∈ N +,α

t (x) : �(√2t + x − Xt (u),Yt (u)
) ≥ 1

2

}
.

Noting that − log(1− a) ≤ 2a for all a ≤ 1/2, (4.1) yields

− log T αt (x) = −
∑

u∈N +,α
t (x)

log
[
1−�(√2t + x − Xt (u),Yt (u)

)]

≤ 2Ce−
√

2x [Zαt + (1 + x+)Wt ]
−

∑

u∈Bt

log
[
1−�(√2t + x − Xt (u),Yt (u)

)]
.

Then (5.3) follows from Propositions 2.3 and 2.4, provided Bt = ∅ for sufficiently large
t .

To show that Bt is eventually empty, we observe that Z is Cauchy in time because
it converges (almost surely). It follows that the contribution of every individual particle
becomes negligible as t → ∞. Otherwise, branching events would cause Z to jump
non-negligibly at arbitrarily large times. Therefore

sup
u∈N +

t

[√
2t − Xt (u)

]
+Yt (u)e

√
2Xt (u)−2t → 0 a.s. on survival. (5.4)

In more detail, if (5.4) did not hold, then there would exist ε > 0 such that with positive
probability, the stopping times defined by τ0 = 0 and

τn+1 := inf
{
t > τn + 1 : [√2 t − Xt (u)

]
+Yt (u)e

√
2Xt (u)−2t > 2ε for some u ∈ N +

t

}

are all finite. By Borel–Cantelli, with positive probability there exists a (random) sub-
sequence (nk)k∈N such that a particle alive at some time t ∈ [τnk , τnk+1 ] and located at
some position (x, y) satisfying

(
√

2 t − x)+ye
√

2x−2t > ε

splits into two children. In particular, at all such branching times, Zt > Zt− + ε. This
contradicts the Cauchy property of Z .

Now recall that Wt → 0 by Proposition 2.3, so supu Yt (u)e
√

2Xt (u)−2t → 0 a.s. as
t →∞. Thus (4.1) and (5.4) yield

sup
u∈N +

t

�
(√

2t + x − Xt (u),Yt (u)
)

� sup
u∈N +

t

[
1 + x +

[√
2t − Xt (u)

]
+

]
Yt (u)e

√
2Xt (u)−2t → 0

almost surely on survival. It follows that Bt is empty a.s. for sufficiently large t .
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Now, (5.3) and Lemma 2.6 imply that− log T α∞ has a first moment. We let Fα : H →
R+ denote its expectation:

Fα(x, y) := Ey
[− log T α∞(x)

]
.

Fix t > 0. Using the almost sure recursion (5.2) and the many-to-one lemma, we observe
that Fα satisfies

Fα(x, y) = Ey

⎡

⎣
∑

u∈N +,α
t (x)

Fα
(√

2t + x − Xt (u),Yt (u)
)
⎤

⎦

= etEy

[
Fα(

√
2t + x + Xt ,Yt )1{−Xs≤

√
2s+x+α, Ys≥0 ; s≤t

}
]
,

where (X,Y ) is a Brownian motion in R
2 started from (0, y) under Py . Applying the

Girsanov transform for the Brownian motion, we obtain

e
√

2x Fα(x, y) = Ey

[
e
√

2(Xt+x)Fα(x + Xt ,Yt )1{x+Xs≥−α, Ys≥0 ; s≤t}
]
.

Writing Gα(x, y) := e
√

2x Fα(x, y), we see that for all t > 0 and (x, y) ∈ H,

Gα(x, y) = Ey
[
Gα(x + Xt ,Yt )1{Ys≥0, x+Xs≥−α ; s≤t}

]
.

Using Itô’s formula, we conclude that Gα is a nonnegative harmonic function in the
quarter-plane {x ≥ −α, y ≥ 0}with Dirichlet boundary data. In the half-space, nonneg-
ative harmonic functions with Dirichlet data are unique up to scaling [3, Theorem 7.22].
Because H is conformally equivalent to this quarter-plane, the same is true of Gα . Thus
Gα(x, y) = κα(x + α)y for some κα ≥ 0, and

Fα(x, y) = κα(x + α)ye−
√

2x .

To complete the proof, we observe that for all α > 0, almost surely

− log T α∞(x) = lim
t→∞E

[− log T α∞(x) | Ft
]

= lim
t→∞

∑

u∈N +,α
t (x)

Fα
(√

2t + x − Xt (u),Yt (u)
) = καe−

√
2x Zα∞.

Using once again (2.8), for all (x, y) ∈ H there exists a random α0 ∈ R+ such that for
all α > α0 we have T∞(x) = T α∞(x) and Z∞ = Zα∞ under Py . This shows that κα
(which is deterministic) is constant for sufficiently large α. Writing κ := limα→∞ κα ,
we obtain

T∞(x) = lim
α→∞ T α∞(x) = exp

(
−κe−

√
2x Z∞

)
Py-a.s.

Finally, (5.1) yields

�(x, y) = 1− EyT∞(x) = 1− Ey exp
(
−κe−

√
2x Z∞

)
.

Because � is not identically zero, κ > 0. ��
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6. Traveling Wave Asymptotics

In this section, we study the behavior at infinity of the traveling waves � and �λ,μ

constructed in Sect. 3. In particular, we prove Theorems 1.4 and 1.5.
In Sect. 6.1, we consider the asymptotic behavior of the law of Z∞ as the initial height

y tends to infinity. This determines the large-y asymptotics of �. We take up the same
question for�λ,μ in Sect. 6.2; this allows us to complete the proofs of Theorems 1.1 and
1.4. Finally, in Sect. 6.3 we use potential theory and Theorem 1.4 to study the behavior
of � as x →∞ and thereby prove Theorem 1.5.

6.1. The minimal-speed wave far from the horizontal axis. In this subsection, we relate
the minimal-speed half-space wave � to the corresponding one-dimensional wave wc∗
defined (1.12).

Proposition 6.1. We have

lim
y→∞�

(
x + 1√

2
log y, y

)
= wc∗(x)

uniformly in x ∈ R.

By the definition (1.7) of �, we can equivalently determine the asymptotic properties
of Z∞ under Py as y → ∞. For this purpose, it is convenient to define a consistent
family (Z(y) ; y ≥ 0) of martingales on a single probability space (�,F ,P) such that
for all y > 0, Z(y) has the law of Z under Py . In the remainder of this subsection,
let

(
Xt (u),Yt (u) ; u ∈ Nt

)
be a branching Brownian motion in R

2 started from (0, 0).
Given t ≥ 0 and y > 0, we set

N y
t :=

{
u ∈ Nt : Ys(u) ≥ −y for all s ≤ t

}
.

We then define

Zt (y) :=
∑

u∈N y
t

[√
2t − Xt (u)

](
Yt (u) + y

)
e
√

2Xt (u)−2t

and Z∞(y) := lim
t→∞ Zt (y).

Since
(
(Xt (u),Yt (u) + y) ; u ∈ N y

t
)

has the law of a branching Brownian motion in H

starting from (0, y), we conclude that for all y > 0, Z∞(y) has the same law as Z∞
under Py .

Let D∞ be the a.s. limit as t →∞ of the derivative martingale of the one-dimensional
BBM (Xt (u) ; u ∈ Nt ). We prove the following asymptotic for Z∞(y) as y → ∞,
which implies Proposition 6.1.

Proposition 6.2. We have lim
y→∞

Z∞(y)
y

= D∞ in probability.

Let H := σ
(
Xs(u), u ∈ Ns ; s ≥ 0

)
be the sigma-field associated to the horizontal

movement of the BBM. We prove Proposition 6.2 by controlling the first two moments
of Z∞(y) conditionally on H.

Lemma 6.3. For all y > 0, we have E[Z∞(y) | H] = yD∞ a.s.
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Proof. For y > 0, we compute E[Z∞(y) | H] using the approximation of Z by shaved
martingales introduced earlier. Given α > 0, we define

Zαt (y) :=
∑

u∈N y
t

[√
2t + α − Xt (u)

](
Yt (u) + y

)
e
√

2Xt (u)−2t1{
Xs (u)≤

√
2s+α ; s≤t

}

and Zα∞(y) := limt→∞ Zαt (y). Using the independence of the horizontal and the vertical
displacement in the BBM, we see that for all t, y > 0,

E[Zαt (y) | H] =
∑

u∈Nt

[√
2t + α − Xt (u)

]
e
√

2Xt (u)−2t1{
Xs (u)≤

√
2s+α ; s≤t

}Ey(Bt∧T0)

almost surely, where B is a Brownian motion with B0 = y and T0 is its hitting time with
the origin. As (Bt∧T0 ; t ≥ 0) is a martingale, we obtain

E[Zαt (y) | H] = y
∑

u∈Nt

[√
2t + α − Xt (u)

]
e
√

2Xt (u)−2t1{
Xs (u)≤

√
2s+α ; s≤t

} a.s.

The sum is simply the one-dimensional shaved derivative martingale

Dα
t :=

∑

u∈N α
t

[√
2t + α − Xt (u)

]
e
√

2Xt (u)−2t ,

where

N α
t :=

{
u ∈ Nt : Xs(u) ≤

√
2s + α for all s ≤ t

}

denotes the population of particles that remain below the curve
√

2s + α for α > 0 and
0 ≤ s ≤ t . Thus,

E[Zαt (y) | H] = yDα
t a.s. (6.1)

Now, Lemma 2.6 implies that Zα(y) is uniformly integrable with an almost sure L1

limit Zα∞(y). Since Dα converges in the same manner, (6.1) yields

E[Zα∞(y) | H] = lim
t→∞E[Zαt (y) | H] = lim

t→∞ yDα
t = yDα∞ Py-a.s.

Finally, α �→ Zα∞(y) is a.s. increasing and converges to Z∞(y). Hence by monotone
convergence,

E[Z∞(y) | H] = lim
α→∞ yDα∞ = yD∞ a.s.

��
We now turn to the second moment of Z∞(y) conditioned on the horizontal motion.

Lemma 6.4. There exists an a.s. finite H-measurable random variable ϒ∞ such that
for all y > 0,

E

[
Z∞(y)2 | H

]
≤ y2D2∞ + yϒ∞ a.s.
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Proof. Fix y > 0. In contrast to the expectation, the second moment of Z reflects the
correlation, and thus shared history, of particles in Nt . Given t > 0 and u, v ∈ Nt , let
τ tu,v be the age of the most recent common ancestor of u and v, with the convention that
τ tu,u = t . Also, for 0 ≤ r ≤ t , let

Gy(r) := Ey

(
B2
r∧T0

)
,

where B is a Brownian motion beginning at y and T0 is its hitting time at the origin. As
in the previous proof, the independence between horizontal and vertical motion in the
BBM and the martingale property of B yield

E

[
Zt (y)

2 | H
]

=
∑

u,v∈Nt

[√
2t − Xt (u)

][√
2t − Xt (v)

]
e
√

2[Xt (u)+Xt (v)]−4tGy(τ
t
u,v) a.s.

Using the martingale property of (B2
t − t, t ≥ 0) and the Brownian scaling, we have

Gy(r) = y2 + Ey(r ∧ T0) = y2
[
1 + E1

(
r
y2 ∧ T0

)]
.

Using the explicit density for the hitting time T0, we obtain the following bound:

E1 (s ∧ T0) =
∫ ∞

0

du√
2πu3

e−1/2us ∧ u

≤
∫ s

0

du√
2πu

+ s
∫ ∞

s

du√
2πu3

≤ 4√
2π

√
s.

For sufficiently large random t , (2.7) implies that maxu∈Nt Xt (u) ≤
√

2t . Combining
the previous displays, for all such t we have

E

[
Zt (y)

2 | H
]
− y2D2

t

≤ 4y√
2π

∑

u,v∈Nt

√
τu,v

[√
2t − Xt (u)

][√
2t − Xt (v)

]
e
√

2[Xt (u)+Xt (v)]−4t .

Define the H-measurable random variable

ϒ∞ := lim inf
t→∞

4√
2π

∑

u,v∈Nt

√
τu,v

[√
2t − Xt (u)

][√
2t − Xt (v)

]
e
√

2[Xt (u)+Xt (v)]−4t .

Then Fatou’s lemma yields

E

[
Z∞(y)2 | H

]
≤ y2D2∞ + yϒ∞.

To complete the proof, we must show that ϒ∞ <∞ almost surely. Given α > 0, we
define the event

Gα :=
{

max
u∈Nt

Xt (u) ≤
√

2t − 1
4 log+ t + α for all t ≥ 0

}
.
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It follows from the results of [18] that for all λ < 1
2
√

2
,

lim
t→∞ max

u∈Nt

[
Xt (u)−

√
2t + λ log t

] = −∞ a.s.

Hence P(Gα) > 0 for all α > 0 and limα→∞ P(Gα) = 1. It therefore suffices to show
that ϒ∞ <∞ a.s. on Gα .

By Fatou, we have
√

2π

4
E(ϒ∞1Gα )

≤ lim inf
t→∞ E

⎛

⎝
∑

u∈Nt

[√
2t + α − Xt (u)

]
e
√

2Xt (u)−2t1{
Xs (u)≤

√
2s− 1

4 log+ s+α ; s≤t
}�u

⎞

⎠ ,

where �u :=∑
v∈Nt

√
τu,v

[√
2t − Xt (v) + α

]
e
√

2Xt (v)−2t1{
Xs (v)≤

√
2s+α ; s≤t

}.

We now employ a spine decomposition corresponding to the shaved derivative mar-
tingale Dα . Let Q̂

α denote the law of a one-dimensional BBM with spine in which
Rt :=

√
2t + α − Xt (ξt ) is a Bessel process of dimension 3 started from α, the spine

branches at rate 2, and non-spine particles perform standard BBMs. For all t ≥ 0, the
spine decomposition theorem allows us to write

E

(
∑

u∈Nt

[√
2t + α − Xt (u)

]
e
√

2Xt (u)−2t1{
Xs (u)≤

√
2s− 1

4 log+ s+α ; s≤t
}�u

)

= αÊ
α

(
�ξt 1{Xs (ξs )≤

√
2s− 1

4 log+ s+α ; s≤t
}
)
.

We decompose �ξt as
√
t
[√

2t − Xt (ξt )+α
]
e
√

2Xt (ξt )−2t + �̃. Let Y denote the filtration
associated to the spine trajectory and branching times {τk}k∈N. Using the branching
property and the martingale property of Dα , we have

Ê
α(�̃ | Y) ≤

∑

k∈N

√
τk1{τk<t}

[√
2τk + α − Xτk (ξτk )

]
e
√

2Xτk (ξτk )−2τk =: �̂ a.s.

Combining the above displays, we obtain

E

⎛

⎝
∑

u∈Nt

[√
2t + α − Xt (u)

]
e
√

2Xt (u)−2t1{
Xs (u)≤

√
2s− 1

4 log+ s+α ; s≤t
}�u

⎞

⎠

≤ α
√
tÊα

([√
2t + α − Xt (ξt )

]
e
√

2Xt (ξt )−2t
)

+ αÊ
α

(
1{

Xs (ξs )≤
√

2s− 1
4 log+ s+α ; s≤t

}�̂

)
.

As (τk)k∈N are the atoms of a Poisson process of intensity 2 independent of R, it follows
that
√

2π

4α
E(ϒ∞1Gα ) ≤ lim inf

t→∞
√
te
√

2α
Ê
α
(
Rte

−√2Rt
)

+ lim inf
t→∞ 2

∫ t

0

√
se
√

2α
Ê
α

(
Rse

−√2Rs1{
Rs≥ 1

4 log+ s
}
)

ds.
(6.2)
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Using the density of the Bessel process and dominated convergence, we can check that

lim
t→∞

√
tÊα

(
Rte

−√2Rt
)
= lim

t→∞
1

2α
√

2π

∫ ∞

0
e−
√

2y
[

e−
(y−α)2

2t − e−
(y+α)2

2t

]
dy = 0.

For the second term in (6.2), we note that Q̂
α(Rs ∈ [n, n + 1]) �α (n + 1)3s−3/2 for all

n ∈ N and s ≥ 1. It follows that

Ê
α

(
Rse

−√2Rs1{
Rs≥ 1

4 log+ s
}
)

�α s−
3
2
∑

n> 1
4 log+ s

(n + 1)4e−
√

2n � s−
(

3
2 +

√
2

4

)
log4

+ s.

Because this is integrable against the weight
√
s, the second term in (6.2) is finite.

Together, these bounds show that E(ϒ∞1Gα ) < ∞. Hence ϒ∞ < ∞ a.s. on Gα , as
desired. ��
We can now complete the proofs of Propositions 6.2 and 6.1.

Proof of Proposition 6.2. Using Lemma 6.3 and 6.4, we observe that for all y > 0, we
have

E

([
Z∞(y)

y
− D∞

]2 ∣∣∣ H
)

≤ ϒ∞
y

a.s.

Thus conditioned on H, Z∞(y)/y converges in L2 to D∞ as y → ∞. This implies
convergence in probability, completing the proof. ��
Proof of Proposition 6.1. By Proposition 6.2, Z∞(y)/y → D∞ in probability and
hence in distribution as y → ∞. In turn, this implies convergence of the Laplace
transforms. Recalling (1.7), we find

1−�
(
x + 1√

2
log y, y

)
= E exp

[
−e−

√
2x Z∞(y)

y

]
→ E exp

(
−e−

√
2x D∞

)

as y →∞. Given the definition of wc∗ in (1.12), we conclude that �
(
x + 1√

2
log y, y

)

converges pointwise to wc∗(x) as y → ∞. Applying Dini’s second theorem on the
compactification [−∞,∞] as in the proof of Lemma 4.6, we see that the convergence
is in fact uniform. ��

6.2. The higher-speed waves far from the boundary. In Sect. 3.2, we constructed super-
critical traveling waves via Laplace transforms of limits of the additive martingales

W λ,μ
t :=

∑

u∈N +
t

eλXt (u) sinh[μYt (u)]e−(λ2/2+μ2/2+1)t .

More precisely, for all λ,μ > 0 with λ2 + μ2 < 2, this martingale converges almost
surely to a nondegenerate limit W λ,μ∞ , and the function

�λ,μ(x, y) := 1− Ey exp
(− e−λxW λ,μ∞

)

is a traveling wave with speed c = λ2+μ2+2
2λ .
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In this subsection, we study the asymptotic behavior of this traveling wave as y →∞.
As above, we focus on the martingale W λ,μ. To begin, we construct a consistent family(
W λ,μ∞ (y) ; y ≥ 0

)
of random variables on a single probability space. Let

W λ,μ
t (y) :=

∑

u∈N y
t

eλXt (u) sinh
(
μ[Yt (u) + y])e−(λ2/2+μ2/2+1)t

and W λ,μ∞ (y) := lim
t→∞W λ,μ

t (y).

We relate W λ,μ∞ (y) to the following additive martingale associated to the BBM in R
2:

Aλ,μt :=
∑

u∈Nt

eλXt (u)+μY (u)−(λ2/2+μ2/2+1)t

and Aλ,μ∞ := lim
t→∞ Aλ,μt .

We intend to show that �λ,μ asymptotically resembles a one-dimensional wave ro-
tated by angle θ(λ, μ) := arctan(μ/λ). As in the introduction, let Rλ,μ denote clockwise

rotation by angle θ(λ, μ). In a certain sense, Aλ,μt is related to a one-dimensional additive
martingale by the rotation Rλ,μ. Given ρ ∈ (0,√2), let

Aρt :=
∑

u∈Nt

eρXt (u)−(ρ2/2+1)t

denote said martingale, which has a nondegenerate limit Aρ∞. For each c > c∗ =
√

2,

there is a unique ρ ∈ (0,√2) such that c = ρ2+2
2ρ . Taking this value of ρ, we define

wc(x) := 1− E exp
(−e−ρx Aρ∞

)
. (6.3)

This is a one-dimensional traveling wave of speed c. By the rotational invariance in law

of BBM in R
2, Aλ,μ∞

(d)= Aρ(λ,μ)∞ for ρ(λ, μ) := √
λ2 + μ2. It follows that

wc(λ,μ)(x) = 1− E exp
(
−e−ρ(λ,μ)x Aλ,μ∞

)
(6.4)

for c(λ, μ) given by (1.10).
In this subsection, we prove the following analogue of Propositions 6.1 and 6.2.

Recall Q := {(λ, μ) ∈ R
2
+ : λ2 + μ2 < 2}.

Proposition 6.5. For all λ,μ ∈ Q, we have e−μyW λ,μ∞ (y) → Aλ,μ∞ in probability as
y →∞. Moreover,

�λ,μ ◦ Rλ,μ(x, y)→ wc(λ,μ)(x) (6.5)

uniformly in x ∈ R as y →∞.

Proof. For all t, y > 0, we have

e−μyW λ,μ
t (y) =

∑

u∈Nt (y)

eλXt (u)+μY (u)−(λ2/2+μ2/2+1)t
(

1− e−2μ[Yt (u)+y]
)
.
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Therefore, y �→ e−μyW λ,μ
t (y) is nondecreasing in y and bounded by Aλ,μt almost surely.

As a consequence, y �→ e−μyW λ,μ∞ (y) is a.s. nondecreasing in y and

lim
y→∞ e−μyW λ,μ∞ (y) ≤ Aλ,μ∞ a.s.

By uniform integrability and monotone convergence, we have

E
[

lim
y→∞ e−μyW λ,μ∞ (y)

] = lim
y→∞ e−μy sinh(μy) = 1.

Therefore E
[
Aλ,μ∞ − limy→∞ e−μyW λ,μ∞ (y)

] ≤ 0, and we conclude that

lim
y→∞ e−μyW λ,μ∞ (y) = Aλ,μ∞ a.s. (6.6)

Turning to the asymptotic behavior of �λ,μ, we compute

Rλ,μ(x, y) =
(
(λx + μy)/ρ, (−μx + λy)/ρ

) =: (x̃, ỹ).
Note in particular that λx̃ = μỹ + ρx , where ρ = ρ(λ, μ) = √

λ2 + μ2. Now take
(x, y) ∈ R−1

λ,μH. It follows that

�λ,μ ◦ Rλ,μ(x, y) = 1− Eỹ exp
(
−e−λx̃W λ,μ∞

)
= 1− Eỹ exp

(
−e−ρxe−μỹW λ,μ∞

)
.

If we fix x ∈ R and take y →∞, we also have ỹ →∞. Thus (6.6) and (6.4) yield

�λ,μ ◦ Rλ,μ(x, y)→ 1− E exp
(
−e−ρx Aλ,μ∞

)
= wc(λ,μ)(x) as y →∞. (6.7)

We extend �λ,μ by 0 to the entire plane R
2. Because �λ,μ is decreasing in x and

increasing in y, one can check that �λ,μ ◦ Rλ,μ( · , y) is a nonincreasing function for
each y > 0 fixed. Moreover, for all y > 0,

�λ,μ ◦ Rλ,μ(−∞, y) = 1 = wc(λ,μ)(−∞) and �λ,μ ◦ Rλ,μ(+∞, y) = 0 = wc(λ,μ)(+∞).

Applying Dini’s second theorem on the compactification [−∞,∞], we see that the limit
(6.7) in fact holds uniformly in x . ��
We can now describe the limits of our waves in every direction.

Proof of Theorem 1.4. Take �∗ ∈ {�,�λ,μ}(λ,μ)∈Q. Our traveling-wave constructions
automatically imply that 0 < �∗ < 1, ∂x�∗ ≤ 0, and ∂y�∗ ≥ 0. Combining the
bounded convergence theorem with (the proof of) Corollary 3.3 and (3.8), we find

�∗(−∞, y) = Py(N +
t �= ∅ for all t ≥ 0) = ϕ(y) and �∗(+∞, y) = 0 (6.8)

for all y > 0. Uniform continuity implies that this convergence is locally uniform in y.
Moreover, joint monotonicity implies that �∗(x,+∞) → 1 = ϕ(+∞) as x → −∞.
(Alternatively, Propositions 6.1 and 6.5 imply that �∗(x,+∞) = 1 for all x ∈ R.)
Applying Dini’s theorem on the compactification [0,∞], we see that the first limit in
(6.8) holds uniformly in y. Because the left and right limits are distinct, the strong
maximum principle implies that ∂x�∗ < 0. Similarly, because�∗ > 0 in H but�∗ = 0
on ∂H, we have ∂y�∗ > 0. Finally, (1.11) combines Propositions 6.1 and 6.5. ��
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According to (6.5), the level sets of�λ,μ are asymptotically inclined at angle arctan(μ/λ)
relative to vertical. For a given speed c > c∗, this angle varies strictly monotonically
along Pc. It follows that the waves in Pc are distinct modulo translation. Using Proposi-
tion 5.1 and the above observation, we can now complete the proof of Theorem 1.1 and
thus bridge the gap in the proof of Theorem 1.3.

Proof of Theorem 1.1. By Proposition 4.4, any KPP traveling wave on H
d with minimal

speed is a function of (x, y) alone. Thus it suffices to prove uniqueness in two dimensions,
i.e., on H. Given a minimal-speed wave � on H, Proposition 5.1 provides a constant
η ∈ R such that �(x, y) = �(x − η, y), where � is the wave defined by (1.7). Hence
there is precisely one traveling wave on H

d , modulo translation.
Now fix c > c∗ and recall the set Pc from (1.9). For all (λ, μ) ∈ Pc,�λ,μ defined in

(1.8) is a traveling wave of speed c (Proposition 3.5). Moreover, Proposition 6.5 implies
that distinct values of (λ, μ) produce distinct waves. Thus there are infinitely many
traveling waves of speed c that are distinct modulo translation.

6.3. Minimal-speed tail asymptotics. We now examine the asymptotic behavior of� as
x →∞. Let ω(y) := 1√

2
log y. From Proposition 6.1, we know that the level sets of �

follow the curve x = ω(y) as y → ∞. Thus � decays to the right of this curve. The
following result controls this decay.

Recall the constant K∗ > 0 from (1.14), which governs the tail of the one-dimensional
wave. We can state Theorem 1.5 as

Proposition 6.6. There exists E ∈ L∞(H) such that if x ≥ ω+(y),

�(x, y) = K∗
[
x − 1√

2
log+ ‖x‖ + E(x, y)

]
ye−

√
2x . (6.9)

To prove this, we return to conformal mappings and potential theory. We focus on
the function � := e

√
2x�, which is nearly harmonic in {x ≥ ω+(y)}. We begin by

constructing an explicit holomorphism mapping a domain similar to {x ≥ ω+} to the
quarter-plane Q. This allows us to use various explicit formulæ on the quarter-plane.
The distortion induces by this holomorphism leads to the log ‖x‖ term in (6.9).

As a first application, we use the Phragmén–Lindelöf principle to improve our tail
bound from � � (x + 1)y to � � (x − ω+ + 1)y on {x ≥ ω+}. This allows us to argue
that the “anharmonic” part of� is negligible—it can be absorbed in the error E in (6.9).
We are thus left with the analysis of a positive harmonic function on the quarter-plane.
From this point, the Herglotz representation formula is strong enough to complete the
proof of Proposition 6.6.

Conformal map to quarter-plane To begin, we construct a conformal map η from Q to
a domain similar to {x > ω+}. We define η through its inverse

η−1(z) := z − 1√
2

log(z + 1).

Throughout this section, we frequently identify z = x + iy ∈ C with (x, y) ∈ R
2.

Solving the equation Re η−1(z) = 0, we can readily check that η maps Q to the region

� :=
{
(x, y) ∈ H : 0 < y <

√
e2
√

2x − 1− x2

}
⊂ {x > ω+(y)}.
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Note that

(η−1)′(z) = 1− 1√
2(z + 1)

satisfies 1− 1√
2
≤ |(η−1)′| ≤ 1 + 1√

2
on Q. It follows that η : Q→ � is a biholomor-

phism.
Next, we can write {x > ω+} =

{
x > 0, 0 < y < e

√
2x
}
. Because

√
e2
√

2x − 1− x2 = e
√

2x + O(1) on R+,

the difference {x > ω+(y)} \ � lies a bounded distance from �. Thus by the Harnack
inequality, it suffices to prove (6.9) on �.

Although η itself has no simple explicit expression, we can easily construct an ap-
proximation

!(z) := z + 1√
2

log(z + 1).

Indeed,

η−1 ◦!(z) = z − 1√
2

[
1 +

log(z + 1)√
2(z + 1)

]
= z + O(1).

Since η is uniformly Lipschitz, this yields

η(z) = !(z) + O(1).
Using this approximation, we establish two bounds that will be useful in subsequent
calculations.

η(0, y) = (ω+(y), y) + O(1) (6.10)

and
e−
√

2 Re η(z) � |z + 1|−1 e−
√

2x . (6.11)

Now recall �(x, y) := e
√

2x�(x, y), which satisfies

−1

2
�� = −�2e−

√
2x =: −F.

We define
�η := � ◦ η : Q→ R+.

This function satisfies

−1

2
��η = − |η|2 F ◦ η =: −Fη.

We have shown that �(ω(y), y) � 1 when y ≥ 1. Hence �(ω(y), y) � y there.
Using (6.10), Harnack estimates up to the boundary imply that

�η(0, y) � y for all y ≥ 0.

Moreover, the tameness bound in Proposition 4.1 and the boundedness of η′ imply that

�η � 1 + x2 + y2 on Q

as well as
�η(x, x) � 1 + x2 and �η(0, x) = 0.
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Note that �η is subharmonic. We can thus apply the Phragmén–Lindelöf principle on
the sectors {0 < θ < π/4} and {π/4 < θ < π/2} as in the proof of Proposition 4.1 to
conclude that

�η � (x + 1)y on Q. (6.12)

We further use this to bound Fη. Noting that
∣∣η′

∣∣2 � 1, (6.11) and (6.12) yield

Fη � (x + 1)2y2e−
√

2 Re η � (x + 1)2y2

|z + 1| e−
√

2z � (x + 1)2yη−
√

2x . (6.13)

Anharmonic estimates We now control the “anharmonic” component of �η generated
by Fη. Let Gz denote the Dirichlet Green function of− 1

2� on Q centered at z ∈ Q. We
formally define

�
η
F (x) :=

∫

Q
Fη(z)Gz(x) dz, (6.14)

which satisfies − 1
2��

η
F = Fη. We refer to �η

F as the “anharmonic component” of �η

because�η +�η
F is harmonic. To make this decomposition rigorous, we must show that

the integral in (6.14) is finite.
Let τx and τy denote reflection in {x = 0} and {y = 0}, respectively, in [0,∞). Then

the method of images yields an explicit formula for G:

Gz(x) = 1

π
log

(‖x − τxz‖ ‖x − τyz‖
‖x − z‖ ‖x + z‖

)
.

We make use of the following asymptotics:

Lemma 6.7. Fix z := (u, v) ∈ Q. Then for all x ∈ Q,

Gz(x) �

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

log u∧v
‖x−z‖ in B(u∧v)/10(z),

uv
‖z‖2

xy
‖x−z‖2 in B2‖z‖ \ B(u∧v)/10(z),

uvxy
‖x‖4 in Bc

2‖z‖.

Proof. Define

α := ‖x − τxz‖
2u

, β := ‖x − τyz‖
2v

, γ := ‖x + z‖
2 ‖z‖ , and δ := ‖z‖

2(u ∨ v) .

Then the identity uv
u∧v = u ∨ v yields

Gz(x) = 1

π
log

u ∧ v
‖x − z‖ +

1

π
log

αβ

γ δ
. (6.15)

Let B := B(u∧v)/10(z) and suppose x ∈ B. Then α, β, γ ∈ [19/20, 21/20] and δ ∈
[1/2,√2/2]. Hence

u ∧ v
‖x − z‖ ≥ 10 while

αβ

γ δ
∈ [1.2, 2.4],

so the first term in (6.15) dominates the second.
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Now suppose ‖x − z‖ ≥ (u ∧ v)/10. A brief algebraic computation yields

Gz(x) = 1

2π
log

(
‖x − τxz‖2 ‖x − τyz‖2

‖x − z‖2 ‖x + z‖2

)

= 1

2π
log

q + s

q + r
(6.16)

for

q := (x2 − u2)2 + (y2 − v2)2,

s := (x + u)2(y + v)2 + (x − u)2(y − v)2,
r := (x − u)2(y + v)2 + (x + u)2(y − v)2.

Note that

s − r = [
(x + u)2 − (x − u)2

][
(y + v)2 − (y − v)2] = 16xyuv > 0. (6.17)

We claim that the ratio (q + s)/(q + r) is uniformly bounded on Bc. By (6.17), it suffices
to show that

xyuv = s − r

16
� q + r = ‖x − z‖2 ‖x + z‖2 . (6.18)

This always holds when ‖x‖ ≥ 2 ‖z‖, for then the right side is of order ‖x‖4 while the
left side is at most of order ‖x‖2 ‖z‖2. So we can assume that ‖x‖ ≤ 2 ‖z‖ and without
loss of generality that u ≤ v. Then ‖x + z‖ � v and y � v, so it suffices to show that

xu � ‖x − z‖2 on Bc
u/10(z). (6.19)

We break this into two cases. If x ≤ 2u, then indeed

xu ≤ 2u2 ≤ 200(u2/100) ≤ 200 ‖x − z‖2 .

Otherwise if x > 2u, we have (x − u)2 ≥ x2/4, so

xu ≤ x2/2 ≤ 2(x2/4) ≤ 2 ‖x − z‖2 .

Having confirmed (6.19) in each case, we have verified (6.18). Therefore

1 <
q + s

q + r
� 1 on Bc.

Then (6.16) and (6.17) yield

Gz(x) � q + s

q + r
− 1 = s − r

q + r
� xyuv

‖x − z‖2 ‖x + z‖2 .

Now ‖x + z‖ � ‖z‖ on B2‖z‖ while ‖x − z‖ � ‖x + z‖ � ‖x‖ on Bc
2‖z‖. The lemma

follows. ��
We combine this with (6.13) to bound �η

F .

Lemma 6.8. The integral in (6.14) is well-defined and 0 < �
η
F (x, y) � y on Q.
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Proof. Because F > 0 in H, we automatically have �η
F > 0. Recall that the Green

function is symmetric: Gz(x) = Gx(z). Here, it is convenient to use the symmetric
formulation

�
η
F (x) =

∫

Q
Gx(z)F(z) dz.

Writing z = (u, v), (6.13) yields

�
η
F (x) �

∫

Q
Gx(z)(u + 1)2ve−

√
2u dz. (6.20)

In the following, definem := x∧y, B := Bm/10(x), and D := B2‖x‖. We divide the right
side of (6.20) into three integrals I1, I2, I3 over the regions B, D\B, Dc, respectively.
We bound these contributions separately.

Using Lemma 6.7 on B, we have

I1 �
∫

B
log

(
m

‖z− x‖
)
(u + 1)2ve−

√
2u dz � ye−

√
2x/2

∫

B
log

(
m

‖z− x‖
)

dz

� m2ye−
√

2x/2 � y. (6.21)

Next, on D \ B, we use Lemma 6.7 and xy
‖x‖2 � m

y to write

I2 � xy

‖x‖2

∫

D\B
u(u + 1)2e−

√
2uv2 ‖z− x‖−2 dz

� my
∫

D
e−
√

2u/2( ‖z− x‖ ∨ m
)−2 dz. (6.22)

Making a “rectangular” approximation,
∫

D
e−
√

2u/2( ‖z− x‖ ∨ m
)−2 dz �

∫

R+

e−
√

2u/2 du ·
∫

R

dv

(v − y)2 + m2 � 1

m
.

Thus (6.22) yields
I2 � y. (6.23)

Finally, on Dc, Lemma 6.7 yields

I3 � xy
∫

Dc

v2

(u2 + v2)2
e−
√

2u/2 dz.

Integrating first in v, we find

I3 � xy
∫

R+

e−
√

2u/2

u ∨ ‖x‖ du � y. (6.24)

Using (6.21), (6.23), and (6.24) in (6.20), we obtain

�
η
F (x) �

∫

Q
Gx(z)(u + 1)2ve−

√
2u dz = I1 + I2 + I3 � y.

��
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Boundary estimates We now analyze the “harmonic component” of�η, namely �̄η :=
�η + �η

F . This is a positive harmonic function on the quarter-plane. Because �η
F = 0

on ∂Q, (6.12) yields the following estimate on the boundary:

�̄η(0, y) � y and �̄η(x, 0) = 0. (6.25)

Lemma 6.9. There exists A ≥ 0 such that

�̄η(x, y) = [
Ax + O(1)]y on Q.

Proof. Recall the square map ζ := Q → H and define g := �̄η ◦ ζ−1, which is a
positive harmonic function on the half-plane. By (4.23), there exists A ≥ 0 such that

g(x, y) = Ay + g∂ (x, y) for g∂ (x, y) := y

π

∫

R

g(t, 0) dt

(x − t)2 + y2 .

Composing (6.25) with the square-root ζ−1, we have

g(x, 0) � √x−.

In (4.29), we showed that this implies that g∂ � 〈x〉1/2. Hence g∂ ◦ ζ � 〈x〉 while

g∂ ◦ ζ = �̄η � y on ∂Q.

By the Phragmén–Lindelöf principle, we obtain g∂ ◦ ζ � y on Q. On the other hand,
y ◦ ζ = xy, so

�̄η = g ◦ ζ = Axy + g∂ ◦ ζ = A
[
x + O(1)]y on Q.

��
Combining Lemmas 6.8 and 6.9, we have shown that

�η(x, y) = A
[
x + O(1)]y on Q (6.26)

for some A ≥ 0. We now translate this bound back to the region � = η(Q).

Lemma 6.10. If x ≥ ω+(y), we have �(x, y) = A
[
x − 1√

2
log+ ‖x‖ + O(1)]y.

Proof. As noted earlier, {x > ω+(y)} \� lies a bounded distance from �, so Harnack
allows us to reduce the problem to �.

Recall that η−1(z) = z− 1√
2

log(z + 1). Mixing real and complex notation, we write
this as

η−1(x, y) = (
x − 1√

2
log |z + 1| , y − 1√

2
arg(z + 1)

)

for z = x + iy. Thus (6.26) becomes

�(x, y) = (
�η ◦ η−1)(x, y) = A

[
x − 1√

2
log |z + 1| + O(1)][y − 1√

2
arg(z + 1)

]
.

Now log |z + 1| = log+ |z| + O(1) and

x arg(z + 1) = x arctan
y

x + 1
< y.

Therefore
�(x, y) = A

[
x − 1√

2
log+ ‖x‖ + O(1)]y.

��
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Matching It remains only to identify the nonnegative constant A.

Proof. (Proof of Proposition 6.6 and Theorem 1.5) By Lemma 6.10, there exist A ≥ 0,
M > 0, and E : H → R such that |E | ≤ M and

�(x, y) = A
[
x − 1√

2
log ‖x‖ + E(x, y)

]
ye−

√
2x on

{
x ≥ 1√

2
log+ y

}
. (6.27)

On the other hand, we recall from Theorem 1.4 and (1.14) that

�
(
x + 1√

2
log y, y

)→ wc∗(x) as y →∞ (6.28)

locally uniformly in x and

wc∗(x) ∼ K∗xe−
√

2x as x →∞ (6.29)

for some K∗ > 0. Fix ε > 0. Then by (6.29), there exists x0(ε) ≥ M
ε

such that

K∗(1− ε)xe−
√

2x ≤ wc∗(x) ≤ K∗(1 + ε)xe−
√

2x for all x ≥ x0. (6.30)

We evaluate � at x = x0 + 1√
2

log y and take y → ∞. Before doing so, we note that
log ‖x‖ − log y → 0 along this sequence. Combining (6.27) and (6.28), we therefore
find

A(x0 − M)e−
√

2x0 ≤ wc∗(x0) = lim
y→∞�

(
x0 + 1√

2
log y, y) ≤ A(x0 + M)e−

√
2x0 .

Dividing by x0e−
√

2x0 and using x0 ≥ M/ε and (6.30), we obtain

A(1− ε) ≤ K∗(1 + ε) and K∗(1− ε) ≤ A(1 + ε).

That is,
1− ε
1 + ε

≤ A

K∗
≤ 1 + ε

1− ε .
Since ε > 0 is arbitrary, we have A = K∗ as desired. ��

7. Liminal Traveling Waves

Recall the quarter-disk Q := {(λ, μ) ∈ R
2
+ : λ2 + μ2 < 2} depicted in Fig. 1. We have

associated a traveling wave�λ,μ to every point (λ, μ) ∈ Q. This correspondence should
extend in some manner to the boundary ∂Q. This is not the main aim of the paper, so
we describe these “liminal” waves conjecturally.

To every (λ, μ) ∈ Q̄, we believe one can associate a random variable Hλ,μ such that

vλ,μ : (t, x, y) �→ 1− Ey exp

(
−e−λx+ λ2+μ2+2

2 t Hλ,μ

)

solves the KPP equation (1.1). When (λ, μ) ∈ Q, Proposition 3.5 allows us to take
Hλ,μ = W λ,μ∞ .

If μ ∈ (0,√2) and λ = 0, we can extend the definition (2.9) of W λ,μ to λ = 0. The
proof of Lemma 2.7 extends to this setting, so we can send t →∞ and set H0,μ = W 0,μ∞ .
Then v0,μ is an entire solution of (1.1) depending on t and y alone. At large negative
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times, we believe this solution resembles a one-dimensional traveling wave in y of speed
μ2+2

2μ moving down from a large height toward the x-axis. We conjecture that the wave
“reaches” the x-axis at unit time and converges to the steady state ϕ uniformly in y as
t →∞.

If λ ∈ [0,√2) and μ = 0, we believe we can construct

Hλ,μ := lim
t→∞

∑

u∈N +
t

Yt (u)e
λXt (u)−(λ2+2)t/2 a.s. and in L1.

Then if λ ∈ (0,√2), vλ,0(0, x, y) is a traveling wave in H. We expect its level sets to
behave similarly to those of � described in Theorem 1.4. That is, as y →∞, the level
sets should become asymptotically vertical with a logarithmic offset.

In the degenerate case λ = μ = 0, v0,0 should share qualitative properties with the
solutions v0,μ described above. It would be an entire solution of (1.1) depending on t
and y alone. At large negative times, we conjecture that v0,0 resembles an exponentially-
stretched profile moving down from a great height at an exponential rate. The profile
should reach the x-axis at unit time and converge uniformly to ϕ as t →∞. We might
view v0,0 as an “infinite-speed” limit of v0,μ as μ↘ 0.

Finally, for (λ, μ) on the circle λ2 + μ2 = 2, the additive martingale W λ,μ must
be replaced by a derivative-type martingale. This should correspond to a traveling wave
whose levels sets are inclined at angle arctan(μ/λ) far from the boundary. In this regime,
we conjecture that the wave resembles a rotation of the minimal-speed one-dimensional
wave wc∗ . The minimal-speed wave � constructed in Theorem 1.3 corresponds to the
special case λ = √2 and μ = 0.
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