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Branching Brownian motion (BBM)

Fix the dimension d > 1.

e Start: a single particle v at 0 performs Brownian motion in
R (iid 1d BM'’s in each coordinate)
Bs(v) = (B3(v), ..., Bd(v)) e R

o After exp(1) distributed time, the particle splits into two
particles, which evolve independently from that time onward.
e Repeat.
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Model Definition

Quick notation /facts.

e Let N; := set of particles at time t.

e B (v) := (Brownian) path of the particle v.

o E|N:| = et

e For each coordinate index i, Cov(Bi(v), Bi(w)) = branching

time of v and w
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Consider particles v, w € N;, where v and w split at time s.

E[B:(v)Be(w) | splitting times|

= E[( n Bs(v)) <Bt(w) — By(w) + Bs(v)) | spl. times]
= E[Bs(v)2 | spl. times]
=s
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BBM is a “log-correlated field”

e Consider some time t > 0, and consider some particle v € N;.
o Consider B(v, k) :={w € N; : Cov(B¢(v), Bs(w)) > k}.
e Last slide: the particles that branched from v after time k:

0 h 1
e Embed the tree into [0, 1].
e Then B(v, k)~ {w € N;: |[v—w| <27k}

= Cov(Bit(v), Bi(w)) =~ log, (d(vl,w)> .



Log-correlated fields: (discrete) Gaussian free field

Let Vi := [1, N]> N Z2. The discrete Gaussian free field on Vyy (w/
0 boundary conditions) is the field {hY" : v € Z2} with joint law

AV = %e*%2v~w(hvv”*”x”)2 IT b TT do(dhi™).
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Log-correlated fields: (discrete) Gaussian free field

Let Vi := [1, N]> N Z2. The discrete Gaussian free field on Vyy (w/
0 boundary conditions) is the field {hY" : v € Z2} with joint law

AV = %e*%2v~w(hvv”*”x”)2 IT b TT do(dhi™).
VEVN VQVN
Properties:

V, . .
o {hy"}, cz2 is a Gaussian vector.

o Cov(h™, hy) = 2log /oy + O(llv — w]| ).
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Log-correlated fields: random matrices

Another source of log-correlated fields comes from the
log-characteristic polynomials of various random matrix ensembles.

Eg. (CUE) Sample Uy ~ Haar measure on N x N unitary
matrices. Write its log-characteristic polynomial:

Xn(6) : Z log ‘1 Are)‘

Ik/\ —0)

_Rezz ez TrU o—iko

j=1 k>1 k>1

Then, using the result of Diaconis-Shahshahani:
—ik(6—0")

- = k2
Cov(Xn(0), Xn(0)) <ED TRe[|TrU,\,| ]
k>1
e—ik(6—0") - ,
xReZT:—Relog(l—e ) < logl| —0'|. .

k>1



Other examples of LCFs

Examples come from...

e Random matrices (log-characteristic polynomials of
beta-ensembles, Wigner, Ginibre,...)

e Interface models (V¢/Ginzburg-Landau models)

e Stochastic processes (local time of 2D Brownian motion,
cover times of graphs)

e Even number theory (Riemann zeta function on the critical
line, restricted to intervals of length 1)
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The extreme values of log-correlated fields are expected to exhibit
universal behavior.

1. Maximum

Max ~ Leading order— C log(Leading order)+Gumbel+random shift

Remarks:
e The C is larger than that of the iid case
e Random-shift is often called derivative martingale, related to
the total mass of a critical Gaussian multiplicative chaos
measure.
2. (Extremal point process) Let m; be the expected value of the

maximum of the log-correlated field {X:(v)},en,.

Z dx,(v)—m, — decorated Poisson point process+random shift
VENt

Finding a connection with BBM/BRW is crucial. 9
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The Question of the Day

Question of the day: Simulate a BBM, run until time t. “Trace
out” the outer edge of the picture formed by the BBM particles in
N; (the “front” of the BBM process). What is its shape?
10
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The front and extreme value theory of BBM

Some definitions.

e For a particle v € Ng, write Re(v) := || Bt(v)]].

o Let Ry := maxyepn, Re(v) (the max norm at time t).

e “Furthermost particles” = the particles whose norms are
within O(1) of Ry.

Stepping stones:

1. At what distance (from the origin) is the front located?
= Understand the maximum Ry ('21)

2. How are the “furthermost particles” distributed? =
Understand the extremal point process ('21, '24)

3. How does the front grow? Scaling limit? ('24)

So, the study of the front is tied to the “extremal landscape” of

BBM. "
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Extremal landscape, dimension 1: Maximum

Fix d = 1. Define m;(1) := v/2t — 2\/ log t. Then

R — m¢(1) — Gumbel + random shift in distribution.

e Convergence in distribution was proved by Bramson '83 via
connection with F-KPP equation, a reaction-diffusion equation

e identification of the limiting law as a Gumbel + random shift

was proved by Lalley-Sellke '87

Why Gumbel + random shift?

13



The random shift

Figure 1: Left: initial particles veer to the left. Right: initial particles
veer far to the right.

In both pictures, we see how the initial behavior permanently shifts the
maximum. (Image by E. Brunet, taken from notes of J. Berestycki).

14



The random shift

Theorem (Lalley-Sellke, '87)

Lo LG S e Ca et



Extremal landscape, dimension 1: Extremal point process

Consider the extremal point process

Et= D R(v)-mi1)-

veN;
This is the point process of all particles near the maximum.

e Limiting distribution identified in 2011 independently by
Aidekon-Berestycki-Brunet-Shi and Arguin-Bovier-Kistler as a
randomly-shifted, decorated Poisson point process

15
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Consider the extremal point process
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veN;
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Randomly-shifted, decorated Poisson point process

Q: Where does the decorated Poisson point process come from?
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Randomly-shifted, decorated Poisson point process

Q: Where does the decorated Poisson point process come from?
Using a (modified) first and second moment method, one can
show, for any K € R:

lim  lim IP’(EIV, we N : Re(v) > me(1) — K,

L,—o00 t—00

Re(w) > me(1) — K, MRCA(v, w) € [L, t — e]) ~0.

This means all particles contributing to &; are either very close
relatives (branched after time t — /, gives the decoration) or
extremely distant relatives (branched before time L, essentially
independent, gives the PPP).

16
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A new member of the universality class: multi-dimensional

BBM

Consider now d > 2.

e We are interested in those B:(v),v € N, such that
Re(v) := ||Bt(v)]| is close to Ry := max || B(v)|
veN;

e Compared to one-dimensional BBM:
1. The norm process {||B:(v)||}ven, is a branching Bessel(d)
process— non-trivial technical issues
e no longer Gaussian, and there are a robust set of tools to
handle Gaussian log-correlated fields
e no longer shift-invariant (spatially inhomogeneous): in
particular, the random-shift story gets complicated
2. There's a new spatial aspect— the angles in addition to the
norms of the particles.
Fairly large gap in time between the 1d and multi-d results. 17



Extremal landscape, R?: Maximum

Previous results on the maximum of multidimensional BBM
(d >2).

1. (Leading-order term, Biggins '95): R} /v/2t — 1 a.s.

. (Sub-leading-order term and tightness, Mallein '15):
me(d) = ft—i— Iogt and (R — m¢(d))¢>o0 is tight

Theorem (K.-Lubetzky-Zeitouni, Ann. Appl. Prob. '23)

There exists a a.s.-positive random variable Z., such that

1
RY — m(d) = Gumbel — — log Z,
t t( ) \/i g

18



Connection with the F-KPP Equation

Consider the F-KPP reaction-diffusion equation:

Oeu=3Au+u(l—u) inRY
u(0, x) = ¢(x) for x € R9
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Connection with the F-KPP Equation, cont’d

Oeu=3Au+u(l—u) inRY

F-KPP Equation =
u(0, x) = ¢(x) for x € R

e Example: ¢(x) = 1y <13- Then for any x € RY, t >0,
u(t,x) =P(3v € Ny : Be(v) € B(x,1)).
G

e Girtner '81: for any x € RY such that ||x|| = m&(d) explicit,
we have u(t,x) =1/2.
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Connection with the F-KPP Equation, cont’d

Oeu=3Au+u(l—u) inRY

F-KPP Equation =
u(0, x) = ¢(x) for x € R

e Example: ¢(x) = 1y <13- Then for any x € RY, t >0,
u(t,x) =P(3v € Ny : Be(v) € B(x,1)).

e Girtner '81: for any x € RY such that ||x|| = m&(d) explicit,
we have u(t,x) =1/2.
e Says at time t, BBM particles “fill up” the ball of radius
< mé(d).
e Equivalently, the median of the maximum norm of BBM in
any fixed strip of width 1 is m¢(d).
e For d =1, this gives the median size of the global maximum.
Purely PDE approach by Hamel, Nolen, Roquejoffre, Ryzhik.
Question: PDE approach to the maximum of multi-d BBM? 20
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Extremal landscape, R?: Maximum, Proof Strategy

e Norm of Brownian motion in R? is a d-dimensional Bessel

process R.
d—1

2R
e Spatially inhomogeneous Markov process on R.

th = dt"—th

e We study the d-dim. branching Bessel process

{Rs(v)}s>o,ven,-
e Girsanov transform gives Radon-Nikodym derivative with a
1d Brownian motion on an interval of time [0, ¢]:

d—1
Wi\ 2 t¢
R _ t d w
dPF|, = <Wo exp ( / —ngu)n{wpa wetoy 4PV |5 |
start/endpoint pathwise dependence
dependence

where ¢y > 0 for d > 3 and ¢4 < 0 for d = 2. 21



Trajectories of the extremal particles

e Let L,/ be parameters that we send to infinity after t (think:
constants wrt t).

The me
“Banana+Window”
Event




Extremal landscape, R?: Extremal point process

Consider the extremal point process.

Ec:= D O(Ru(v)-me(d) :(v))

veN;
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Extremal landscape, R?: Extremal point process

Consider the extremal point process.
e =) O(R(v)-mi(d) Ou(v)
veN;

In the limit of the 1D extremal point process, we saw that the early
history of the process was never forgotten: became a random shift
of all the points on the real line.
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Extremal landscape, R?: Extremal point process

Consider the extremal point process.
e =) O(R(v)-mi(d) Ou(v)
veN;

In the limit of the 1D extremal point process, we saw that the early
history of the process was never forgotten: became a random shift
of all the points on the real line.

Key question: how does the early history of the process affect the
distribution of the angles at later times, if at all?

23



Extremal landscape in R?: the extremal point process

Let L be a parameter going to infinity after t — oo (so, with
respect to t, L is a large but fixed constant).

Claim. If v € N; is such that R(v) > m:(d), then
|60¢(v) — 60,(v)|| = o(1) with high probability, where o(1) — 0
after first t — oo then L — oo.

24



Extremal landscape in R?: the extremal point process

Let L be a parameter going to infinity after t — oo (so, with
respect to t, L is a large but fixed constant).

Claim. If v € N; is such that R(v) > m:(d), then
|60¢(v) — 60,(v)|| = o(1) with high probability, where o(1) — 0
after first t — oo then L — oo.

In words, the angle of an extremal particle at time t does not
change after time L, where L = O(1).

24



Proof of claim (angles of extremals freeze after O(1) time)

Claim. If v € N; is such that R¢(v) > m:(d), then
|0:(v) — 0.(v)|| = o(1) with high probability, where o(1) — 0
after first t — oo then L — oo.
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Proof of claim (angles of extremals freeze after O(1) time)

Claim. If v € N; is such that R¢(v) > m:(d), then
|0:(v) — 0.(v)|| = o(1) with high probability, where o(1) — 0
after first t — oo then L — oo.

Proof Let z := /2L — R;(v) < /L (we know this from the
“window” event)

+exponential tail bounds on the max. displacement of BBM in RY. 2



The random measure, D,

e Upshot: the angles in the “early history” (time L) actually
determine the angles of the extremal process at time t.
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The random measure, D,

Upshot: the angles in the “early history” (time L) actually
determine the angles of the extremal process at time t. How
to quantify this?
Stasinski, J. Berestycki, and Mallein construct a random
measure D,.(#)Leb(df) on the sphere S9! that turns out to
contain the info of the angles in the “early history.”
For fixed @ € S?~1, the projection of the BBM onto 6 is a 1d
BBM {Bs(v) - 0}ven, s>0. Let Doo(6) denote the random
shift corresponding to the max. of this 1d BBM.
They show Do, () converges simultaneously a.s. for
Lebesgue-a.e. § € S9-1.

e D (0) is only defined as a function Leb-a.e., but still makes

for a perfectly good density.

(Aside) We later proved that the random shift Z, of the
d > 2 BBM maximum is given by the total mass Do (S971). o6



Extremal landscape in R?: the extremal point process

Recall the extremal point process &; := ZveNt O(Re(v)=me(d),0:(v))
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Extremal landscape in R?: the extremal point process

Recall the extremal point process & := )y, O(Ri(v)—m:(d).0:(v))
Theorem (Berestycki-K.-L.-Mallein-Z., Ann. Prob '24+)

o Let (xi,0i)ien C Ry x S971 be the points of a
PPP(Cge™V?dx x Dao(0)Leb(db)),

for some constant C4 > 0.
o Let {D};cn be a collection of iid point processes with the

same law as the decorations from the 1D BBM case.

Then (weakly in the topology of vague convergence)
£t = Eo = ) Z St 61) -
iEN repli)

27



Extremal landscape in R?: the angular decorations

Theorem from last slide: Recall &; := ZveNt 5(Rt(v)—mt(d),9t(v))-

gt — goo = Z Z 5(X,.+r’9,.) .

Then

Q: Why are there no angular decorations?
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Extremal landscape in R?: the angular decorations

Theorem from last slide: Recall &; := ZveNt 5(Rt(v)—mt(d),9t(v))-

gt — goo = Z Z 5(X,.+r’9,.) .

Then

Q: Why are there no angular decorations?

A: We measure angles from the origin, but the clusters have
diameter O(1) == in the limit, the different angles in a cluster
all get squashed.
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Recovering the angular decorations

e Measuring the angles from the origin caused us to lose
information of the “landscape” around each leader.
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cluster .__ cluster
& T Z 5R9§(Bt(v)—Bt(u;‘)) =& !
veN;

(Here, Ry is the rotation sending 0; to e1)
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Recovering the angular decorations

e Measuring the angles from the origin caused us to lose
information of the “landscape” around each leader.

e What if we view the extremal point process from the maximal
particle uf instead:
geluster . Z Ry (Be()—Bulu)) = gelustery
veN:
(Here, Ry is the rotation sending 0; to e1)
e Heuristic: Only particles that branched after t — O(1)-time
contribute to the above.
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Recovering the angular decorations

e Measuring the angles from the origin caused us to lose
information of the “landscape” around each leader.

e What if we view the extremal point process from the maximal
particle uf instead:
gtcluster - Z 5R92«(Bt(v)—Bt(uf)) _ gé:(l)uster?
vEN;
(Here, Ry is the rotation sending 0; to e1)

e Heuristic: Only particles that branched after t — O(1)-time
contribute to the above. The transversal spread of these
particles is O(1), while the radial distance is m:(d) ~ v/2t.
—> transversal spread has no impact on the norm
— the transversal motion of each particle in the cluster
after time t — O(1) = d — 1 dimensional BM's, independent
after conditioning on the genealogical tree. 29



Extremal BBM landscape: the angular decorations

Theorem (K., Zeitouni '24, Description of the extremal
cluster)

u. r (d) u. r
EEN =) OR g (B -Bulut)) — €
VGN[—

where EUster s described below.
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Extremal BBM landscape: the angular decorations

Theorem (K., Zeitouni '24, Description of the extremal

cluster)
cluster .__ (d) cluster
& = OR g (Be(v)—Be()) — Eoo
VENt
where ESSter s described below.
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Extremal BBM landscape: the angular decorations

Theorem (K., Zeitouni '24, Description of the extremal
cluster)

u. r (d) u. r
gifl ste = Z 5R9?(Bt(v)th(u;‘)) — goc<l) ste I
VGNt

where ESSter s described below.

e We generate £SUSt" 35 the superposition of various
d-dimensional BBM clouds.
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Extremal BBM landscape: the angular decorations

Theorem (K., Zeitouni '24, Description of the extremal
cluster)

u. r (d) u. r
gifl ste = Z 5R9?(Bt(v)th(u;‘)) — goc<l) ste I
VGNt

where ESSter s described below.

e We generate £SUSt" 35 the superposition of various
d-dimensional BBM clouds.

e For simplicity, let's focus on d = 2.

31



Description of the extremal cluster £</uster

Ecluster can be generated by the following process:
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Description of the extremal cluster £</uster

Ecluster can be generated by the following process:

1. (Backwards path of maximal particle) Define a particle £, the
“spine”, and its path

(35(5))520 ~ ( - \/55 - Rs(f), Ys(g))szo’

where R (&) is Bessel(3) started from 0, and Y.(§) is an
independent standard 1D Brownian motion.
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Description of the extremal cluster £</uster

Ecluster can be generated by the following process:

1. (Backwards path of maximal particle) Define a particle £, the
“spine”, and its path

(35(5))520 ~ ( - \/55 - Rs(£)7 Y5(£))520’
where R (&) is Bessel(3) started from 0, and Y.(§) is an

independent standard 1D Brownian motion.

2. (Branching times) At random branching times

0<7 <7 <... (= PPP(2dt)), the particle { produces a 2D
BBM, started from S, (€), run for time 7;.

Z 5T,s)+ W)Y ()
GN

v

Ys(i)(v) is an indep. Brownian motion.
32



Description of the extremal cluster £</uster

PO = 5 ent) 95,00+ 090 ¥ )
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Description of the extremal cluster £</uster

(i) .
P Ze/v“(;&(m( D), Y (v))

§P(V\Q,

T(‘a\')e,cl'o\r% eQ— 85 (gj': (‘JL% -P\s (g\, u&s(\%3> ) S10)

N

h w ol gt Yot
X=-00 \"\A/\IW % %W\\/V/\/W Kio
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Extremal BBM landscape: the angular decorations

(i) .—
P ZveN( 537 O+XD(v), YD (v))

Fl-zu,rg,‘. '&' PoLv\" p!\oceSS y \;L
¢ 20 BBM ryn for dime T;
- shaed & ${9)

SPLV\Q.« , ) ( ’\
JJWV\ N\J\ My )}\J\ ) JIA }\zmg M\/\/w/“‘
IV O “MMNNW WYV Jo

K=-00 %Nf
8= (hs R0, 4:(%))

Radius = \);'C.L(\-»o(l)) o



Description of the extremal cluster £</uster

4. Summing up these point processes gives a (slightly simplified)
description of the extremal cluster: £S/Uster ~ 5(0,0) T Diny P,

Fa. St T N

ng\e,
Ss(g):= ('&%'Rs(g\;\ss(\%\)/ gq\g)

S¥0 .
m )’MW i U S e
PU.n 2 BBM sharked Srom Scl3)
tun Ror time T
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Description of the extremal cluster £</uster

4. Summing up these point processes gives a (slightly simplified)
description of the extremal cluster: £S/Uster ~ 5(0,0) T Diny P,

Eg; g(aﬂfgm_’_ = 2D BBM ghrred fom SLI(-ZL /\\g’
I rua Foe dime, T;.
Spine S¢le)
8= (-Rs-Rel9).%:(%)),,

Sy0 .

MA‘\J\ w1 [y [ 3 S

=-00 WW VAN YT PRV v ; wWwM

TO
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Description of the extremal cluster £</uster

4. Summing up these point processes gives a (slightly simplified)
description of the extremal cluster: £S/Uster ~ 5(0,0) T Diny P,

N

M3

E[é‘ S{OM%—VN+ +

Sle)

SQU\&, BY f
S,
MN\A Ml y\’\m .uhsvls& ij\“w / n/v ,4
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The Front of BBM

Question of the day, revisited (dimension = 2).

e Recall £¢/ste" is the BBM point process rotated-shifted so
the max. particle u* at time t lies at 0 € RY.
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scaling parameter.
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e The front of the BBM (around u*):
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i
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The Front of BBM

Question of the day, revisited (dimension = 2).

e Recall £¢/ste" is the BBM point process rotated-shifted so
the max. particle u* at time t lies at 0 € RY.

e “Look back” from u*: consider the highest particle with
x-coordinate in [—sL, —sL + 1], where s > 0 and L > 0 is the

scaling parameter.

e The front of the BBM (around u*):

he ((s) = max{pfz) : (p(1)7p§2)) € ggluster p,gl) € [—sL, —sL+1]}

i
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Pictures of the front

The front of the BBM (around v*, d = 2):

he.1(s) = max{ (2. = (p; @), ( )) € g¢luster ,(1) € [—5L,—sL+1]}.

39



Pictures of the front

The front of the BBM (around v*, d = 2):

s=1l,z=—-L

ht ((s) := max{pfz) ; (pfl),ple)) g g¢luster pfl) € [—sL, —sL+1]}.

s=1l,z=-L+1

9 o ®ee %0 [%e0 * q”
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Pictures of the front

The front of the BBM (around v*, d = 2):
ht,L( ) _ max{ ( ) . ( (1)’P:( )) c gtcluster’ plgl) c [—SL,—SL+1]} )

Front (Run time = 225, interval size = 0.3)

Particles
—— Front
y= +2|x>?

60

40

20 1

-20

-40

-60
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The shape of the front

The front of the BBM (around v*, d = 2):
ht ((s) := max {p,@ ; (p?l),plc)) g geluster pfl) € [—sL, —sL+1]}.

Theorem (K., Zeitouni '24)

We have the following weak convergence of the front

_1. _3
<8 af 2ht’L(5)>s€[O 00) = (ps)se[O,oo)a

as first t — oo, then L — oo, where
1/2
Ps = (max oS — O'Rg>
o>0

and R is a Bessel(3) process.
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The shape of the front

The front of the BBM (around v*, d = 2):
ht ((s) := max {p,@ ; (p?l),plc)) g geluster pfl) € [—sL, —sL+1]}.

Theorem (K., Zeitouni '24)

We have the following weak convergence of the front

_1. _3
<8 af 2ht’L(5)>s€[O 00) = (ps)se[O,oo)a

as first t — oo, then L — oo, where

1/2
Ps = (max oS — O'Rg>
o>0

and R is a Bessel(3) process.

For any d > 2, the front converges to the paraboloid formed by
rotating p. around the x-axis. 40



Heuristic argument for the 3/2 scaling exponent, d =2

Let's understand the L3/2 behavior of ht((s), say for s =1, d = 2.
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Heuristic argument for the 3/2 scaling exponent, d =2

Let's understand the L3/2 behavior of ht((s), say for s =1, d = 2.

e Due to weak convergence of Sf’”“er to the explicit point

process £S/Ustr as t — oo, it suffices to study the front of
gc/uster.
Sluster:

hi(s) := max {p,@) . p; € ESluster p,(l) € [-sL, —sL + 1]}
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Heuristic argument for the 3/2 scaling exponent, d =2

e Want to understand the maximum height amongst all
particles of £5/Uster in the strip [—L, —L + 1) x 0.
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Heuristic argument for the 3/2 scaling exponent, d =2

e Want to understand the maximum height amongst all
particles of £5/Uster in the strip [—L, —L + 1) x 0.

e Recall: 445" ~ §g ) + shifted BBM clouds.

e Consider the contribution of each BBM cloud separately:

hi(s) = max  max {vertical displacement in [—sL, —sL + 1] x oo}
ieN jth BBM cloud

e There will be an exponential number of particles (in L) in this
strip — we'll ignore polynomial terms.
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Heuristic argument for the 3/2 scaling exponent, d =2

e Want to understand the maximum height amongst all
particles of £5/Uster in the strip [—L, —L + 1) x 0.

e Recall: 445" ~ §g ) + shifted BBM clouds.

e Consider the contribution of each BBM cloud separately:

hi(s) = max  max {vertical displacement in [—sL, —sL + 1] x oo}
ieN jth BBM cloud

e There will be an exponential number of particles (in L) in this
strip — we'll ignore polynomial terms.

e Also, to leading-order, the max. of log-correlated fields agrees
with the max. of iid fields — we'll pretend the particle
trajectories are independent Brownian motions.
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Heuristic argument for the 3/2 scaling exponent, d =2

Consider the BBM cloud born at time 7. It is born on the spine:
initial position is (—v/27 — R-(£), Y+(€)), where R. is Bessel(3)
and Y is BM.
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and Y. is BM. Define a, := 77 Y2R.(£) = O(1).
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= poly(L) exp ( —a,V2r + V2 + g Z) —
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Heuristic argument for the 3/2 scaling exponent, d =2

Consider the BBM cloud born at time 7. It is born on the spine:
initial position is (—v/27 — R-(£), Y+(€)), where R. is Bessel(3)
and Y. is BM. Define a, := 77 Y2R.(£) = O(1).

(VZrtor yT-1)2

E[#particles w/ x-coord. in [—L,—L + 1]] ~ poly(L)e"e™ 27
aL L2
= poly(L) exp ( —a,V2r + V2 + i Z> =:
We're then interested in the max. M, of N iid ~ A/(0, 7).
Solve: eM7 /27 = N —s M2 = 2(—a7\f273/2+\f2L7' )

Treating o, as constant and optimizing over 7 yields 7 < L2, and
thus M, =< 73/2.

43



Heuristic argument for the 3/2 scaling exponent, d =2

Consider the BBM cloud born at time 7. It is born on the spine:
initial position is (—v/27 — R-(£), Y+(€)), where R. is Bessel(3)
and Y. is BM. Define a, := 77 Y2R.(£) = O(1).

(VZrtor yT-1)2

E[#particles w/ x-coord. in [—L,—L + 1]] ~ poly(L)e"e™ 27
aL L2
= poly(L) exp ( —a,V2r + V2 + g Z) —

We're then interested in the max. M, of N iid ~ A/(0, 7).

N

L
Solve: eM?/2T — N — M2 = 2(_047-\[27'3/2+\f2LT+(lrL71 o ?)

Treating o, as constant and optimizing over 7 yields 7 < L2, and
thus M, = 73/2. Write 7 = o L%

Ry12(£) )

M? ~ 2v21° (O’—O’ 1
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Heuristic argument for the 3/2 scaling exponent, d =2

Consider the BBM cloud born at time 7. It is born on the spine:
initial position is (—v/27 — R-(£), Y+(€)), where R. is Bessel(3)
and Y. is BM. Define a, := 77 Y2R.(£) = O(1).

(VZrtor yT-1)2

E[#particles w/ x-coord. in [—L,—L + 1]] ~ poly(L)e"e™ 27
aL L2
= poly(L) exp ( —a,V2r + V2 + g Z) —

We're then interested in the max. M, of N iid ~ A/(0, 7).

N

L
Solve: eM?/2T — N — M2 = 2(_047-\[27'3/2+\f2LT+(lrL71 o ?)

Treating o, as constant and optimizing over 7 yields 7 < L2, and
thus M, = 73/2. Write 7 = o L%

1/2
M? ~ 2v21° (U—URULE(£)> = h (1) = 84 L2 max (U—URULZ(g)) / .
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Glimpse of the rigorous argument

hi(s) = max  max {vertical displacement in [—sL, —sL + 1] x oo}
ieN jth BBM cloud
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Glimpse of the rigorous argument

hi(s) = max  max {vertical displacement in [—sL, —sL + 1] x oo}
ieN jth BBM cloud

e Avoids any modified second moment method that has become
standard in the study of log-correlated fields.
e Proceeds by

1. Localizing the set of birth times of the BBM clouds which
contribute to L=3/2h;(s)

2. Understanding how much space is filled by each of these BBM
clouds
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Front (Run time = 225, interval size = 0.3)
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